'.') Check for updates

@ Hindawi

Hindawi

Journal of Mathematics

Volume 2023, Article ID 4741219, 6 pages
https://doi.org/10.1155/2023/4741219

Research Article

Obtaining the Soliton Type Solutions of the Conformable Time-
Fractional Complex Ginzburg—Landau Equation with Kerr Law
Nonlinearity by Using Two Kinds of Kudryashov Methods

Arzu Akbulut

Bursa Uludag University, Faculty of Arts and Science, Department of Mathematics, Bursa, Turkey
Correspondence should be addressed to Arzu Akbulut; ayakut1987@hotmail.com

Received 6 September 2022; Revised 26 October 2022; Accepted 24 November 2022; Published 4 February 2023
Academic Editor: Gaetano Luciano

Copyright © 2023 Arzu Akbulut. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The main idea of this study is to obtain the soliton-type solutions of the conformable time-fractional complex Ginzburg-Landau
equation with Kerr law nonlinearity. For this aim, the generalized and modified Kudryashov methods are applied to the given
model. The reason for using a conformable derivative is that the chain rule can be applied to this derivative. Thus, using the
suitable wave transform, the given equation is converted into an ordinary differential equation. Then, the proposed methods are
applied to the reduced equation. According to our results, both of the used methods are effective and powerful. Finally, 3D and
contour plots are given for some results with suitable variables. Our findings in this paper are critical for explaining a wide range of

scientific and physical applications. According to our knowledge, our results are new in the literature.

1. Introduction

The exact solutions of the nonlinear partial differential
equations (NLPDEs) have an important place in different
fields of science, such as fluid mechanics, plasma physics,
solid-state physics, and optical fibers. This being the case,
many methods were discovered to solve nonlinear partial
differential equations, for example, the method of un-
determined coefficients [1], the Riccati equation mapping
approach [2], the trial equation method [3], the finite

element method [4], the extended trial approach [5], the
Petrov-Galerkin method [6], the unified and exp, function
methods [7], the modified extended tanh expansion method
[8], the modified simple procedure [9], the exponential
rational function procedure [10], the Kudryashov method
[11], the ansatz method [12], and so on.

In this study, the following equation, called the con-
formable time-fractional complex Ginzburg-Landau equa-
tion, will be considered [13]:

iq) + eq, + AF(lal*)q —(laPq") " [plqlz(lqlz)m - 0[(|q|2)x]2] ~eq =0, (1)

where & € (0, 1] represents the conformable derivative, g (x, t)
is a complex-valued function, the spatial coordinate is repre-
sented by x and the temporal coordinate is represented by ¢. The
group velocity dispersions are represented by € and A, the
perturbation effects are represented by p, o, and ¢. F (Iqlz) is

a function of |g|* and F is a real-valued algebraic function that
must have the smoothness of the function F ( IqI2 )g: C — C.
When the complex plane C is assumed as 2D linear space R?,
the F(|gl*)q is k times continuously differentiable, namely,
F(lg1")g € US_,C* (<b,b) x (-a,a); R?).
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In literature, lots of researchers obtained the exact so-
lutions of the given model with the different types of
nonlinearity. Some researchers obtained the exact solutions
of the generalized derivative of the given model for example
Kudryashov applied the first integral method to the equation
in [14], Das et al. applied the F-expansion to the model in
[15], the modified (G'/G)-expansion method is applied to
the model by Wang et al. in [16], the modified Jacobi elliptic
expansion method is applied by Hosseini et al. in [17],
Hosseini et al. implemented Kudryashov and exponential
methods to the model including the parabolic nonlinearity
n [18]. Some researchers obtained the exact solutions of
equation (1) with different kinds of fractional derivatives, for
example, Tozar obtained the analytical solutions of the
conformable time-fractional complex Ginzburg-Landau
equation with the help of the (1/G") method in [19], optical
solutions were discovered with the help of the generalized
exponential rational function method in [20], Sulaiman et al.
explored the optical solitons with the help of the extended
sinh-Gordon equation expansion method in [21], the form
of the space-time conformable fractional complex Ginz-
burg-Landau equation is handled in [22], Sadaf et al. applied
the (w(£)/2) method to the model with the different types of
senses as the conformable, beta, truncated derivatives
in [23].

1.1. The Conformable Derivative. In literature, fractional
derivatives have an essential role, so many definitions of
fractional derivatives are discovered, for example, Rie-
mann-Liouville, Grunwald-Letnikov, the Caputo, Atanga-
na-Baleanu, and modified Riemann-Liouville derivatives
[24, 25]. In this study, the conformable derivative will be
used, which is developed by Khalil et al. [26]. An important
teature of this derivative is that we can apply the chain rule so
we can reduce nonlinear differential equations to ordinary
differential equations with the help of wave transforms. Basic
definitions of the conformable derivative are given as
follows:

When y: (0,00) — R, the conformable derivative of ¢
of order §,0< < 1, is defined as follows [27, 28]:

1-6
y(t+et' ™) - 1//(t), @)

€

Ty (y) () = lim

for all t>0. The basic properties of the conformable de-
rivative are given as follows [29-31]:
(1) Ts(ay + be) = aTs(y) + bT5(p), for all a,b € R
(2) Ts(t") = at® 9 forall a e R
(3) Ts(ye) = yT5(p) + 9Ts(v)
(4) Ts(ylg) = (9T () - yT5(9)/p?)
(5) If y is differentiable, then T'5(y)(t) = tl"‘sdq//dt
(6) w(t) =A, T5(A) =0, for all constant functions

(7) Chain rule: Let ¥, ¢: (0,00) — R be a differentia-
ble and §- differentiable function then the chain rule
is given by the following:
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Ts(yo) () = ' (DY (p(t). (3)

In this paper, the conformable time-fractional complex
Ginzburg-Landau equation with Kerr law was solved by two
procedures, namely, the generalized Kudryashov and the
modified Kudryashov procedures. For this aim, the main
ideas of generalized Kudryashov and the modified
Kudryashov procedures were in Section 2. Then, these
procedures were applied to the given model, and 3D and
contour plots of obtained solutions were given in Section 3.
Finally, conclusions were given.

2. The Procedures

In this section, the used procedures will be given. We take
into consideration a general nonlinear differential equation
in the following form:

#q 0g 0
q) ata’axi atzé’axz)' ..
where g = q(x,t) is a complex-valued function and § rep-

resents a conformable derivative. If we apply the following
wave transformation to equation (4):

q(x,t) = u(Q)e”, (5)

=0, (4)

where { = x — vt°/8 and ¢ = —kx + wt®/§ + 1, the following
ordinary differential equation (ODE) is obtained:

(p(u, uu ... ,) =0, (6)

here prime represents the differentiation of u with respect to (.

2.1. The Generalized Kudryashov Procedure. According to
the method, we assume u({) as follows (32, 33):

Toco @V ()
oo bt (0)
where a,,b,,(n=0,1,...N,m=0,1,... M) are constants

and they should be ay #0, b, # 0 and the following ODE is
satisfied by v ({):

u(() = (7)

dy 5 .
and () is given as follows:
(&) = ! > X is integration constant, (9)
1+ ye

N and M are calculated by the homogeneous balance
principle at (6). We can calculate a polynomial of y by
substituting equation (7) into equation (6) without ig-
noring equation (8). Then, all the coefficients of the
polynomial y are set to zero. If the obtained system is
solved, the values of the a,,b,,,x,v,w are obtained. Fi-
nally, the soliton-type solutions of the given model are
obtained.
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2.2. The Modified Kudryashov Procedure. According to the
method, the solutions of equation (6) are assumed as follows
[34-36]:

M
w(Q) =Y 0, (Y ()", @y £0, (10)

m=0

where ®@,,(m =0,1,..., M) are constants that will be de-
termined later, M is calculated by the homogeneous balance
principle, and the function y ({) is given by the following:

1
W(()—?Xap (11)

where (11) satisfies the following ODE:
v () =(v’(Q-y()na (12)

Substituting equation (10) into equation (6) without
ignoring equation (12), a set of algebraic equations is ob-
tained for ®@,,,a, x, k, v and w. Finally, solving this obtained
system, the exact solutions of equation (2) are calculated.

3. The Applications

In this section, the used procedures will be applied to the
given model. For this aim, the given model will be reduced to
the nonlinear differential equation by the wave trans-
formation. If we implement the wave transformation,
namely, equation (5) to equation (1) then separate the real
and imaginary parts, we get the following ODE:

A2
o W
—wu+e(u —Ku)+)LF(u )u—2(p—20) ” -2pu —eu=0,

(13)

v = —2€kK. (14)

If we take p = 20, equation (13) reduces to the following
ODE:

(e - 4o)u” —(w +ex’ + s)u + AF(uz)u =0. (15)

If we take F(u?) =u for the Kerr law nonlinearity,
equation (15) reduces to the following ODE:

(e - 40)uﬁ —(w e + £)u + A’ = 0. (16)

If we balance u" and u3 in equation (16), the balance
number is obtained as 1.

3.1. First Method. In this subsection, the generalized
Kudryashov procedure will be applied to the equation (16).
According to the method, we assume

2
_ ay +a, Yy +a,y

17
b, + by 17

If we substitute the solution (17) without ignoring the (8)
in equation (16), we obtain an overdetermining equation

system. If the obtained system is solved, four solution
families are obtained as follows.

3.1.1. First Family. 'The values of the arbitrary constants are
obtained as follows:

a, =0,
a, = tb —G;;G,
a, = b, (e — 40) )
AV=e —40/21 (18)
by, =0,
b, =b,,

, €
W = —€K —§+20—£.

Then, the solutions of the given model are obtained as
follows:

<Xe(x—v(t5/5)) B 1) (e - 40)
V2e+ 8ol (1 + e (x70) )A

qa(x,t) =] F

¢ (- rx+wt®/5+n)
(19)
3.1.2. Second Family. The values of the arbitrary constants

are obtained as follows:

a, =0,

8e - 32
a, =t bO\/—ie 1 0,
_ 8e — 320
4y = Foo\\ =7 (20)

by = by»
b, = -2b,,
2
w=-€K +e—40—¢,

and the solutions are given by the following:

2xe Cal) V=2¢ + 80/ ¢ (- rx+wt®/5+)
<X262 (x—vt5/6) _ 1)

$Ga(x,t) =] *

(21)

3.1.3. Third Family. The values of the arbitrary constants are
obtained as follows:
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Ficure 1: The plot of the |(25)|fore =1,A =2,0 =4,k =-2,p=1,e =2,y = 2,8 = 0.1: (a) 3D plot and (b) contour plot.

b, (e — 40) 3.1.4. Fourth Family. The values of the arbitrary constants
a9 = * A—2€ — 80/L are obtained as follows:
(2by - by ) (€ - 40) 4y = -21(e740)
_ 2% 2)le 40 L RV e T
S RV vy 77
4 . 2b, (e — 40)
2e - 80 1= T 0=
a, = % bl ——/\ 3 (22) A V—2€ — 8a/A
a, = t b V-2e-8d/A,
bo = by, 2 ! (24)
b,
b, = b, b, = X
, €
W= —€K —5+20—s, b, = by,
and the solutions are given as follows: w=—ex’ —2e+80—¢,
(e 40)(Xe(x' ) _ 1) . \ and the solutions are given as follows:
s (x’ t) — + et(—xx+wt /8+17)'

)L(l + Xe(x_Vtﬁ/‘s))\/—Ze - 8a/)
(23)

2(e— 4U)<Xzez(x—vt5/6) + 1>

A(Xzez (x-vets0) _ 1)\/—26 - 8a/A

Grs (x’ f) — + ei(—;cx+wt6/6+11). (25)

_ - u(0) = @ + @,y (J). (26)
The 3D and contour plots were given for (25) in Figure 1.
If we substitute the solution (26) without ignoring
3.2. Second Method. In this subsection, the modified  the (12) in equation (16) and collect the polynomial of
Kudryashov procedure will be applied to the equation (16).  ¥({), we get an overdetermining equation system as
According to the method, we assume follows:
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Figure 2: The plot of the |(29)| fore =1,A=2,0=4,k=-2,y=1,e=2,x=2,0=0.9,a = 3.: (a) 3D plot and (b) contour plot.

2

< € =€ =&

: /\(Dg — Dyek” — Dy — Dy

If the above system is solved, the values of the arbitrary
constants are obtained as follows:

+ In(a)y —%,

@, =
_ In(a)(e~-40)
0, =+ m, (28)
2
w= —% +2(In(a))’o - ke -

Then, the exact solutions are given by
(40 — €)ln (a)()(a (- vtt0) _ 1)
AV-2e + 80//1<1 + Xa(vatﬁ/s))

Qoo (x,1) = * (29)

The 3D and contour plots were given for (29) in Figure 2.

4. Conclusions

In this study, the new soliton-type solutions of the con-
formable time-fractional complex Ginzburg-Landau equa-
tion with Kerr law nonlinearity were obtained with the help
of generalized and modified Kudryashov methods. Firstly,
the given model was reduced to the nonlinear differential
equation with the help of the wave transformation. Then, the
balance number was calculated by the balance method. We
calculate the balance number for the generalized Kudrya-
shov method in a different way than usual. The generalized
Kudryashov method was applied to the given model. Four
solution families were obtained. The 3D and contour plots
were plotted for the latest family. Then, another method was
applied to the given model. Also, the results of the modified
Kudryashov method include the logarithmic solutions. The
3D and contour plots were given the obtain solutions. The
Maple software program was used for all obtained results

’: 2(In(a))’@, e - 8ln(a)’®,0 + @} A,
: —3(In(a))*@,e + 12(In(a))*®,0 + 30,@:A,

: (In(a))’®, e - 4(1n(a)2)®10 + 3®§®1A - @k’ — @6 — @, W,

and figures. According to our knowledge, our results are new
in the literature. If we can calculate the balance number, the
given methods provide soliton solutions for the nonlinear
partial differential equations. All obtained results were
checked by Maple and they are different from each other.
Our findings in this paper are critical for explaining a wide
range of scientific and physical applications. Thanks to this
implementation, we contributed to the physical motions of
the waves and other related areas. The proposed methods are
effective and powerful for finding the soliton solutions of the
nonlinear differential equations.

In new studies, the given equation can be solved with
a different kind of derivative and compared with our results,
or the used methods can be applied to the different nonlinear
partial differential equations.
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