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A B S T R A C T   

Reliability-based design optimization (RBDO) algorithm is to minimize the objective under the probabilistic 
factors. While gradient-based and classical evolutionary RBDO algorithms provide promising performance on 
simple optimization problems, they are likely to perform poorly on challenging problems, including the multi
modal functions, discrete design spaces, non-differential problems, etc. This paper proposes a unified framework 
to improve the performance of existing RBDO algorithms for complex RBDO problems. Our framework is based 
on three new strategies: generalized decoupling evolutionary and metaheuristic RBDO framework, particle’s 
memory saving strategy, and adaptive fractional-order equilibrium optimizer algorithm. The proposed algorithm 
is characterized by a decoupling strategy to enable the parallel operation of the inner reliability computation and 
outer deterministic optimization, a particle’s memory saving strategy to provide effective guidance from the 
previous iteration, and the adaptive fractional-order equilibrium optimizer algorithm to enhance the search 
efficiency and global convergence capacity. To evaluate the performance of the proposed algorithm, a wide range 
of experiments are conducted on different types of use cases. The experimental results demonstrate that our 
algorithm provides superior performance over other comparative algorithms.   

1. Introduction 

Evolutionary and metaheuristic algorithms have exhibited a 
remarkable capacity in addressing a wide range of optimization prob
lems in engineering systems (Faramarzi et al., 2020a; Guirguis, 2020). 
Particularly, owing to the collaborative search in the design space 
through a population of solutions instead of a single solution, evolu
tionary and metaheuristic algorithms are suitable for solving multi
modal and non-differential problems (Bai et al., 2021; Ho-Huu et al., 
2018). However, because of the presence of intrinsic uncertainties in all 
practical engineering applications, the disposal of these variations and 
randomness should be carried out (Jung, Cho, & Lee, 2019; Liu & 
Paulino, 2019; Liu et al., 2020; Wang et al., 2021). To achieve this goal, 
the reliability-based design optimization (RBDO) methodology is uti
lized, which handles the uncertainty parameters well (Meng et al., 2022; 

Yi et al., 2020; Youn et al., 2003). Owing to the efficiency and simplicity, 
the first-order reliability method (FORM) is very popular and widely 
employed in RBDO (Yang, Zhang, & Han, 2020; Zhu et al., 2020). Pre
vious studies show that the existing RBDO algorithms can be classified 
into four categories: double loop algorithms, single-loop algorithms, 
decoupling algorithms, and hybrid algorithms (Aoues & Chateauneuf, 
2010; Tu, Choi, & Park, 1999; Yang, Zhang, Cheng, & Han, 2021). 
However, these RBDO algorithms are established based on gradient 
optimization algorithms, so they lack capacity to handle the multimodal 
function, discrete design variable, and non-differential problems (Jen
sen et al., 2020; Schuëller & Jensen, 2008; Valdebenito & Schuëller, 
2010). 

Therefore, the evolutionary and metaheuristic algorithms, including 
genetic algorithm (GA) (Vasconcelos et al., 2001), particle swarm 
optimization (PSO) (Poli et al., 2007), differential evolution (DA) (Das & 
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Suganthan, 2010), etc., become a promising way to address the above 
difficulties (Brest et al., 2006; Casciati, 2014; Dan, 2009). According to 
Deb et al. (2009), the success proportion of classical gradient double 
loop algorithms only 49% through 2500 runs for simple test problems 
with two local optima, but the success proportion of GA algorithm can 
up to a hundred percent. Similar work has been done by Yang and Hsieh 
(2011), which is a successful application for discrete variables and non- 
smooth function. The difference is that they combine the merits of auto- 
tuning and boundary-approaching with PSO. With the global search 
demand, common optimization algorithms, such as sequential approxi
mate programming (Yi et al., 2008), sequential quadratic programming 
(Jiang et al., 2019), convex linearization algorithm (Cho & Lee, 2011), 
and so on, usually cannot find the global optimum for problems with 
multiple local optima (Wang et al., 2019). Another reason is that these 
gradient algorithms always find the local optimum along the descent 
direction of objective function. Therefore, the gradient algorithms, 
which heavily rely on the initial search point, are unsuitable for 
disposing of the multimodal function and discrete design space problems 
(Jung, Cho, & Lee, 2020; Liu et al., 2018). More recently, Meng et al. 
(2021) conducted a state-of-the-art investigation of evolutionary and 
metaheuristic-based RBDO algorithms, such as PSO (Piotrowski et al., 
2020), artificial bee colony (Karaboga & Basturk, 2007), grey wolf 
optimizer (GWO) (Mirjalili et al., 2014), water cycle algorithm (Eskan
dar et al., 2012), etc., and the results indicated the evolutionary and 
metaheuristic-based RBDO algorithms were superior to gradient-based 
RBDO algorithms in terms of global optimization capability. 

On the other hand, the RBDO model consists of a double loop opti
mization model, where the inner reliability/optimization computation is 
of critical importance (Guo et al., 2009). Therefore, the evolutionary and 
metaheuristic-based RBDO algorithms are also used to tackle the 
shortcoming of the global optimization capabilities of the reliability 
computation problem. For instance, Elegbede (2005) combined the 
FORM and PSO, which aims to search the global design point effectively. 
Zhao et al. (2015) employed the chaos theory to improve the global 
search capacity, where the reliability problems with multiple design 
points are successfully solved. For challenging composite laminate 
structures with multiple failure criteria, das Neves Carneiro, G., & 
Conceição António, C. (2019) used the GA algorithm for global opti
mization. In addition, the DE (Pedroso, 2017; Zaeimi & Ghoddosian, 
2018) and salp swarm algorithms (Zhong et al., 2020) were adopted to 
provide more opportunities for obtaining the global optimum. 

The above-mentioned studies reflect the importance of evolutionary 
and metaheuristic algorithms for reliability analysis and RBDO. How
ever, the existing evolutionary and metaheuristic-based RBDO algo
rithms remain to use the classical gradient algorithms in the inner loop, 
such as the Hasofer-Lind Rackwitz-Fiessler algorithm (Zhao et al., 2018), 
advanced mean value method (Keshtegar & Chakraborty, 2018), etc. In 
other words, these algorithms still not out of range of gradient algo
rithms, and the numerical difficulties of multimodal function, discrete 
design variable, and non-differential problem are not fundamentally 
conquered. Therefore, it is of great significance to put forward RBDO 
approaches using evolutionary and metaheuristic-based algorithms in 
both inner and outer loops. However, unlike the deterministic evolu
tionary and metaheuristic algorithms, the complete evolutionary and 
metaheuristic-based RBDO algorithms require performing the reliability 
analysis for each individual, and thus the computational cost should be 
unaffordable. For instance, if a simple example with three constraints is 
implemented using 2000 function calls in both inner reliability analysis 
and outer optimization, the total number of function calls is up to 1.2 ×
107! Especially for high dimensional problems, the computational cost 
must be unacceptable owing to the “curse of dimensionality”. 

This study aims to solve the above-mentioned problems by proposing 
a new decoupling metaheuristic RBDO algorithm, where the reliability 
computation and optimization are executed separately and paralleled. 
Furthermore, a new metaheuristic algorithm, adaptive fractional-order 
equilibrium optimizer (AFOEO), is adopted to accelerate the 

convergence speed. The outline of this work is organized as follows: the 
background theories involved in the proposed RBDO algorithm are 
reviewed in section 2. Section 3 displays the proposed evolutionary and 
metaheuristic-based RBDO algorithms. Section 4 conducts experimental 
tests and discussion. Section 5 summarizes the concluding remarks. 

2. Background 

2.1. RBDO algorithms 

In this study, the RBDO algorithm is implemented under an uncertain 
environment (Liu et al., 2019). Some studies (Li et al., 2021; Rosario 
et al., 2019) reveal that RBDO methodology usually achieves a more 
reliable design by comparing it with the deterministic optimization al
gorithm. Another merit is that deterministic optimization can be deemed 
as only one special solution with reliability index value equalling to 0. 
The RBDO formulation is defined as follows: 

find d
min C(d)

s.t. Prob(gi(d, x)⩾0 )⩾Rt
i i = 1, 2, ..., ng

dL⩽d⩽dU

(1)  

where d is the design variable vector with lower bound dL and upper 
bound dU. £ is the random design variable vector. μx is the mean. C is 
the objective function. ng is the number of the performance function g.Rt

i 
is the allowable reliability value. Prob(gi(d, x)⩾0) denotes the cumula
tive distribution function, which can be solved by using the following 
the complex multidimensional integral. 

Prob(gi(d, x)⩾0) =
∫

...

∫

gi(d,x)⩾0

∫

fX(x)dx (2)  

where fX denotes the joint probability density function. In an engi
neering system, it is impractical to tackle the above integral. Therefore, 
the FORM is usually employed in RBDO through two different ways: 
reliability index approach and performance measure approach (PMA). 

2.2. Performance measure approach 

PMA demonstrates promising local search capacity and good 
convergence, and thus it is commonly applied to engineering system 
(Tu, Choi, & Park, 2001). However, PMA is a local search algorithm 
(Torii et al., 2019; Youn et al., 2004). The expression of PMA is as 
follows: 

find d
min C(d)

s.t. gi(d, u)⩾0 i = 1, ..., ng
dL⩽d⩽dU

(3)  

where gi denotes the performance measure function that is usually 
performed in the standard normal space (U-space). u denotes the stan
dard normal variable vector in U-space, which is computed by the 
random variable vector x. The performance measure function gi is ob
tained by searching the most probable target point (MPTP) uMPTP. 

find u
min gi(u)

s.t. ‖u‖ = βt
(4)  

where βt denotes the target reliability index. To compute the MPTP 
efficiently, the advanced mean value (AMV) algorithm is extensively 
adopted by using the Karush–Kuhn–Tucker conditions. 

uk+1 = − βt ∇ug(d, uk)
⃦
⃦∇ug(d, uk)

⃦
⃦

(5) 
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where the subscript “k” is the iterative step number. ∇ug is the gradients 
of performance function with respect to random variables u. Considering 
the instability of AMV for the nonlinear problem, the improved algo
rithms, such as hybrid mean value algorithm, directional stability 
transformation algorithm, limited descent-based mean value method, 
etc. (Lee, Choi, & Gorsich, 2010; Meng et al., 2017; Youn et al., 2003), 
are put forward to promote stability. For these gradient algorithms, the 
computation of sensitivity is key, in which the multi-point linearization 
and approximate sensitivity method can be employed owing to the high 
efficiency (Liu et al. 2016a, 2016b). 

The main purpose of the above MPTP algorithms is to search the 
optimum along the direction of the gradient descent (Rackwitz, 2001). 
Once the RBDO problems contain multiple MPTPs or unusable deriva
tive, the classical gradient MPTP algorithms become unavailable. Thus, 
evolutionary and metaheuristic algorithms provide a powerful tool, and 
the universality and global search capacity are significantly promoted. 
Additional details on evolutionary and metaheuristic-based MPTP al
gorithms can be referred to in Refs. (Pedroso, 2017; Yaseen & Keshtegar, 
2018). 

2.3. Equilibrium optimizer algorithm 

In this paper, equilibrium optimizer (EO), a recently developed 
metaheuristic algorithm, exhibits superiority over the well-known and 
other recent algorithms (GA, PSO, GWO, SSA, and gravitational search 
algorithm) in terms of exploration and exploitation (Faramarzi et al., 
2020b; Zhong & Li, 2022). The basic idea of EO is to search for the best 
generic mass balance on a control volume. The equilibrium concentra
tion is analogous to a particle’s position of PSO. Its updating rule of 
equilibrium concentration is formulated as follow: 

diter+1
i = diter

eq,i +
(

diter
i − diter

eq,i

)
Ft

i +
Giter

i

λiV
(
1 − Fiter

i

)
(6)  

where iter is the current iterative number. diter
i denotes the ith component 

of the concentration vector. diter
eq,i is the candidate solution. V is the 

control volume. Giter is the generation rate that is used to carry out the 
exploitation phase, which is determined by the generation probability. 
The parameter F is the exponential term, which can be formulated as 
below: 

Fiter
i = exp

(

− λi

((

1 −
iter

Max iter

)a2
iter

Max iter

− t0

))

(7)  

t0 =
1
λi

ln
(
− a1sign(ri − 0.5)[1 − e− λi t]

)
+ t (8)  

where λi and ri are the random number that lies in the range of [01]. 
Max iter is the allowable iterative number. a1 and a2 are two parame
ters, which are utilized to control the exploration and exploitation 
ability. Additional details of EO algorithm can be referred to in (Far
amarzi et al., 2020b). For RBDO using metaheuristic algorithm, assume 
we use N population points and Max iter iterations in both inner MPTP 
computation and outer deterministic optimization. The number of 
function evaluations for a RBDO problem with ng constraints should be. 

(Max iter × N)
2
× ng (9) 

It should be mentioned that the number of function evaluations of 
other evolutionary and metaheuristic algorithms is identical to that of 
EO. 

3. Proposed efficient generalized evolutionary and 
metaheuristic-based RBDO algorithm 

In this section, a new generalized evolutionary and metaheuristic- 
based RBDO algorithm within both inner and outer optimization loops 
is proposed. Inspired by the sequential optimization and reliability 
assessment (SORA) method (Du & Chen, 2004), a new generalized 
decoupling metaheuristic RBDO framework is put forward, where the 
EO is adopted as the foundation. This new variant is called the decou
pling metaheuristic equilibrium optimizer (DMEO). The main contri
bution of the DMEO is proposing and combining the three strategies, 
including the global reliability search strategy, particle’s memory saving 
strategy, and adaptive fractional-order (FO) calculus strategy, within 
decoupling metaheuristic RBDO framework. The purpose of the first 
global reliability search strategy is to search the global MPTP, and it can 
guide the DMEO to search accurately. The second particle’s memory 
saving strategy is to generate competitive individuals from the history 
computation information, thereby speeding up the optimization process. 
The third adaptive FO calculus methodology is adopted for global and 
local search. The hybrid utilization of these strategies can ensure the 
high efficiency of DMEO for global optimization. This algorithm can be 
very suitable for addressing the complex RBDO problems, such as 
discrete design space, high dimensional example, and non-differential 
problem. 

3.1. Generalized decoupling metaheuristic RBDO framework 

As mentioned before, the evolutionary and metaheuristic-based 
RBDO algorithms require executing the reliability analysis optimiza
tion repeatedly at each particle, which leads to unbearably expensive 
computation cost, as shown in Fig. 1(a). Inspired by SORA method (Du & 
Chen, 2004), the DMEO splits the reliability analysis from the optimi
zation process of the outer loop, as shown in Fig. 1(b). Therefore, it 
avoids the inner reliability optimization but only shifts the design var
iables and probabilistic constraints, as shown in Fig. 2. As such, each 
particle only requires perform deterministic analysis other than oper
ating reliability computation. In this way, the computation cost can be 
greatly improved. Unlike the SORA algorithm, the DMEO consists of the 
swarm, and each particle should be shifted in the optimization process. 
In general, the decoupling metaheuristic RBDO formulas are as follows: 

Fig. 1. Different optimization strategies (a) double loop metaheuristic RBDO 
method (b) DMEO. 
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where the subscript “k” is the iterative number of DMEO. δk denotes the 
new design variable, which is used by shifting the constraint boundary 
using shift-vector s. In DMEO of Eq. (10), the new design variables for jth 
particle can be computed as follows: 

δk
i,j = dk

i,j − sk− 1
i,j (11) 

It should be noted that the shift vector for each particle is the same, 
which is only related to the ith constraint. 

sk− 1
i,j = dk− 1

j − xk− 1
MPTPj (12)  

where the xk− 1
MPTPj is MPTP that is transformed from the uk− 1

MPTPj. Since the 
reliability computation requires handling the complex equality 
constraint, we use the trigonometric function to transform u in Cartesian 
coordinate to θ in polar coordinate (Chen et al., 2013). The coordinate 
transformation can be expressed as follows: 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u1 = βtsin(θ1)sin(θ2)⋅⋅⋅sin(θn− 2)sin(θn− 1)

u2 = βtsin(θ1)sin(θ2)⋅⋅⋅sin(θn− 2)cos(θn− 1)

u3 = βtsin(θ1)sin(θ2)⋅⋅⋅cos(θn− 2)

⋮
un− 1 = βtsin(θ1)cos(θ2)

un = βtcos(θ1)

(13) 

Based on Eq. (13), the equality constraint ‖u‖ = βt of Eq. (4) can be 
satisfied naturally. Then, the optimization model can be simplified as. 

find θ
min g(θ) (14)  

where the θ is the (ND − 1)-dimensional random variables in θ-space, 
and each component lies in the range of [0, 2π]. Based on the previous 
transformation, the equality constraint of Eq. (4) vanishes, thus the EO 
can be used to solve the Eq. (14) conveniently. Under the proposed 
framework, the number of function evaluations of reliability analysis 
should be. 

Max k × Max iter × N × ng (15)  

where Max_k denotes the maximum iteration number of the decoupling 
framework. According to the relative works of the decoupling method, 
the value of Max_k is usually very small (far less than Max iter× N). 
Therefore, the proposed method should be very efficient, and it only 
needs computing Max k × ng times for reliability analysis. In this case, 
the computational cost is perfectly acceptable. First, Algorithm 1 is 
offered below to demonstrate the pseudocode of the framework of the 
DMEO from the general viewpoint.  

Algorithm 1 Pseudocode of generalized decoupling metaheuristic RBDO 
framework  

1: k=0; error=1. 
% k is the iterative number of the proposed generalized decoupling metaheuristic 

RBDO framework. Error is the relative error of objective function value between two 
successive iterations.  

2: Initialize the shifted vector sk
i,j = 0; j = 1, ...,ng.  

3: While k<Max_k or error< Max_error 
% Max_error is the maximum value of relative error.  
4: Generate N population points [d1; d2; …,dN] by Latin hypercube sampling method 

(Vořechovský, 2015) and particle’s memory saving strategy. Compute all points/ 
particles in the population using the function evaluations of the fitness function 
(Rodrigues et al., 2016).  

5: Compute the shifted design variables using the δk+1
i,j = dk+1

i,j − sk
i,j ; j = 1, ..., ng for 

the ith constraint. Update the points using the AFOEO to obtain the best solution dk
j ;

j = 1, ...,ng.  
6: For j=1:ng  
7: Generate NM population points [θ1; θ2; …, θNM] by Latin hypercube sampling 

method and particle’s memory saving strategy. Compute all points/particles in the 
population using the function evaluations of the fitness function.  

8: Compute the best solution of MPTP θkusing the AFOEO. During the computing 
process of the fitness function, the random variables θ is transformed to x by using 
the Eq. (13) and Rosenblatt transformation(Lee et al., 2008) in the order. Obtain 
the best solution of MPTP xk

MPTPj in the x-space.  
9: End For  
10: Compute the shift-vector sk

i,j = dk
j − xk

MPTPj ; j = 1, ...,ng.  

11: error =

⃒
⃒
⃒C(dk) − C(dk− 1)

⃒
⃒
⃒

/
C(dk).  

12: End While 

Fig. 2. Schematic diagram of DMEO.  

find dk

min C(dk)

s.t. gi(δk
i , x

k− 1
i )⩾0 i = 1, ..., ng

dL⩽dk⩽dU

(10)   
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3.2. Adaptive fractional-order equilibrium optimizer algorithm 

3.2.1. Adaptive strategy for exponential parameter 
In EO, the exponential term Fiter

i determines the convergence speed, 
and it also impacts the exploitation and exploration capacities. On the 
one hand, as the increase of iterative number, the search speed should be 
reduced to promote the exploitation ability. On the other hand, the 
search speed should be accelerated according to the fitness value. Thus, 
a new adaptive strategy is proposed to update the exponential term, 
which is stated as: 

Fiter
i = exp

(

− λi

((
1

iter

)ξ

− t0

))

(16)  

where.  

where f iter denotes the fitness value. 

3.2.2. Opposition-based learning 
Inspired from the social revolutions with sudden change in human 

society, opposition-based learning (OBL) strategy is developed by Tiz
hoosh (2005), which aims to promote the global convergence capacity. 
OBL takes advantages of existing solution direction and opposite search 
direction. Let d and θ are candidate solutions. Considering d ∈ [dL, dU]

and θ ∈ [θL,θU], the opposite candidate solutions d̃ and θ̃ are stated as: 

d̃ = dL + dU − dθ̃ = θL + θU − θ (18) 

For RBDO problem, the utilization of OBL is summarized as below. 
Assume that f(d, θ) is fitness function. During the iterative process, when 
f(d, θ)⩾f(d̃, θ̃), the opposite candidate solution is preserved. On the 
contrary, when f(d, θ) < f(d̃, θ̃), the original solution is kept. This con
dition is repeatedly checked until the satisfying the stopping criterion. 

3.2.3. Fractional-order equilibrium optimizer algorithm 
EO exhibits a promising global search capability but encounters the 

inefficient local search capability that may lead to a poor convergence 
rate. In order to tackle the limitation, the FO calculus (Wang et al., 2017) 
is embedded into the EO by taking the merits of the memory saving 
property of the previous solutions. The basic idea of FO is to perform the 
integral and derivative with arbitrary order. Comparing to the integer 
calculus, FO calculus is more flexible and accurate, and the works of 
Yousri et al. (2019) disclosed that FO calculus could enhance the local 
search ability. There are a series of definitions of FO, in which Grun
wald–Letnikov is the classical one, and it is stated as follows: 

Dα(d(iter)) = lim
h→0

1
hα

∑∞

n=0
(− 1)n Γ(α + 1)

Γ(n + 1)Γ(α − n + 1)
x(iter − nh) (19)  

where Dα(d(iter)) is the Grunwald–Letnikov fractional derivative of α 

order. Γ is the gamma function. When the discrete system is considered, 
Eq. (19) becomes. 

Dα(d(iter)) =
1

Tα

∑r

n=0

(− 1)nΓ(α + 1)d(iter − nT)
Γ(n + 1)Γ(α − n + 1)

(20)  

where T denotes the sampling period, and r denotes the number from the 
previous event. Especially when α = 1, the Eq. becomes. 

D1(d(iter)) = d(iter + 1) − d(iter) (21)  

where D1(d(iter)) is the difference between two continuous events. 
Based on the definition of EO of Eq. (6), the formulation can be rewritten 
as. 

D1( diter+1
i

)
= diter

eq,i +
(
Fiter

i − 1
)
diter

i − diter
eq,iF

iter
i +

Giter
i

λiV
(
1 − Fiter

i

)
(22) 

By substituting the fractional derivative α order to the fractional- 
order one, we can obtain the following expressions: 

Dα( diter+1
i

)
= diter

eq,i +
(
Fiter

i − 1
)
diter

i − diter
eq,iF

iter
i +

Giter
i

λiV
(
1 − Fiter

i

)
(23) 

Based on the Grunwald–Letnikov definition in Eq. (22), the Eq. (24) 
for T = 1 can be formulated as. 

Dα( diter+1
i

)
= diter+1

i +
∑r

n=0

(− 1)nΓ(α + 1)diter+1− n
i

Γ(n + 1)Γ(α − n + 1)
(24) 

Combing Eq. (22) and Eq. (24), the formulation of the EO using FO 
can be described by. 

diter+1
i = −

∑r

n=0

(− 1)nΓ(α+1)diter+1− n
i

Γ(n+1)Γ(α − n+1)
+diter

eq,i+
(
Fiter

i − 1
)
diter

i − diter
eq,iF

t
i 

+
Giter

i

λiV
(
1 − Fiter

i

)
(25) 

When the first four terms, i.e., r = 4, is considered, the update 
formulation can be expanded as. 

diter+1
i = αditer

i −
1
2!

α(α − 1)diter− 1
i +

1
3!

α(α − 1)(α − 2)diter− 2
i

−
1
4!

α(α − 1)(α − 2)(α − 3)diter− 3
i + diter

eq,i

+
(

diter
i − diter

eq,i − 1
)

Fiter
i +

Giter
i

λiV
(
1 − Fiter

i

)

(26) 

It is well known that the high order derivative relates to the global 
convergence property and the small value α leads to the local conver
gence ability. According to Yousri et al. (2020), the value α can be 
selected as 0.1 in this study. Besides, to make a tradeoff between 
exploitation and exploration, we use the particle’s memory saving 
strategy to generate potential candidates. In general, we propose the 
AFOEO by combing the merits of adaptive strategy, OBL, and FO. Al
gorithm 2 provides the pseudocode of AFOEO in the proposed 

ξ =

⎧
⎪⎪⎨

⎪⎪⎩

⃒
⃒
⃒
⃒
⃒

best
(
f iter) − mean

(
f iter)

best
(
f iter) − worst

(
f iter)

⃒
⃒
⃒
⃒
⃒

if best
(
f iter) ∕= worst

(
f iter)

⃒
⃒best

(
f iter) − mean

(
f iter) ⃒⃒ if best

(
f iter) = worst

(
f iter)

(17)   
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decoupling RBDO framework, which is adopted in both MPTP compu
tation and deterministic optimization.  

Algorithm 2 Pseudocode of AFOEO  

1. iter=0.  
2. Set the parameters a1 = 2; a2 = 1; α = 0.1.  
3. Initialize the particle’s populations di (i=1,…,N).  
4. While iter<Max_iter  
5. For i=1: N  
6. Compute the fitness of all particles fit(di) (i=1,…,N).  
7. If fit (di)< fit (deq,1)  
8. deq,1 = di; fit(deq,1) = fit(di).  
9. Elseif fit(di)< fit(deq,1) & fit(di)< fit(deq,2)  
10. deq,2 = di; fit(deq,2) = fit(di).  
11. Elseif fit(di)< fit(deq,1) & fit(di)< fit(deq,2) & fit(di)< fit(deq,3).  
12. deq,3 = di; fit(deq,3) = fit(di).  
13. Elseif fit(di)< fit(deq,1)&fit(di)< fit(deq,2)&fit(di)< fit(deq,3)&fit(di)< fit 

(deq,4).  
14. deq,4 = di; fit(deq,4) = fit(di).  
15. End If 

(continued on next column)  

(continued ) 

Algorithm 2 Pseudocode of AFOEO  

16. End For 
dave =

(
deq,1 + deq,2 + deq,3 + deq,4

)/
4. 

Construct the equilibrium vector 
dave =

(
deq,1 + deq,2 + deq,3 + deq,4

)/
4.  

17. For i=1: N  
18. Randomly choose the candidate from the equilibrium vector.  
19. Compute the values Fiter

i by Eqs. (16) and (17).  
20. Compute the values of Giter

i according to the history information.  
21. Sort the particles according to the values of fitness.  
22. Update the best particle by Eq. (26).  
23. Perform the OBL by Eq. (18).  
24. Update other particles by Eq. (6).  
25. End For  
26. iter =iter+1.  
27. End While  

3.3. Particle’s memory saving strategy 

Under the decoupling framework, the global optimum can be found. 
To further accelerate the convergence rate, the particle’s memory saving 
strategy is employed. This method makes the utmost use of the iterative 
history information of MPTP, where the MPTP solution from the pre
vious iterative step can be selected as an individual of the initial popu
lation at the current MPTP search in the polar coordinate. This is 
because the MPTP at the previous iterative step is located at the 
neighborhood of the accurate MPTP. Also, the optimum of design 

Table 1 
Results of reliability analysis for evolutionary and metaheuristic algorithms.  

Algorithms Parameter Setting Algorithms Parameter Setting 

GA pc = 1.0, pm = 0.1 DE CR = 0.8, F = 0.5 
PSO wmin = 0.9,wmax 

= 0.4, 
c1 = 2,c2 = 2 

GWO Only the common parameters 
(Max_iter and a) 

ABC Limit = NP × n EO a1 = 2, a2 = 1  

Table 2 
RBDO results for different cases.  

Cases Algorithms Success Proportion Best Mean Worst SD Times (s) F-evaluations 

TC1 PMA 66.3333%  − 12.1741 Not convergence  1.1465 341 
SORA 58.3333%  − 12.1741 Not convergence  0.4901 218 
SLA 65.3333%  − 12.1741 Not convergence  0.8187 98 
CSLA 68.3333%  − 12.1741 Not convergence  6.5166 172 
GA 0%  − 11.9257 11.8889  50.3421 18.6009  3921.9817 5.48E7 
PSO 94.3333%  − 13.1542 − 10.3964  27.5574 8.1462  2395.0902 5.48E7 
ABC 1%  − 12.1694 − 10.2165  − 0.0691 1.4963  3109.9044 5.44E7 
DE 4.3333%  − 14.2328 − 13.1996  − 12.1746 0.3268  3085.5515 5.48E7 
GWO 35.6667%  − 13.0255 − 12.0839  − 11.7527 0.2160  2430.9356 5.40E7 
EO 88.6667%  − 13.2631 − 12.2354  − 12.1739 0.1849  3188.7092 5.40E7 
DMEO 100%  ¡12.1741 ¡12.1741  ¡12.1740 1.1276E¡8  3.2312 8.45E4  

TC2 PMA 0.6472%  6.0739 8.0674  11.8983 1.0076  7.0747 6.89E3 
SORA 8.1258%  8.8001 9.9704  0.4015 0.1442  0.1442 1.33E3 
SLA 0  6.2143 8.8094  11.5500 0.9316  0.3850 422 
CSLA 0  6.2772 8.1114  11.3560 1.0851  4.5381 872 
GA 6.5217%  6.0453 7.1103  9.8212 0.7761  3958.4109 5.48E7 
PSO 88.2353%  6.0391 6.0740  6.8350 0.1046  2379.0337 5.48E7 
ABC 100%  6.0391 6.0391  6.0391 3.2027E− 14  3082.6194 5.44E7 
DE 99.6711%  6.0391 6.0400  6.3081 0.0154  3161.5440 5.48E7 
GWO 99.6667%  6.0391 6.0415  6.1617 0.0077  2428.8967 5.40E7 
EO 100%  6.0391 6.0391  6.0391 3.1138E− 14  3231.9223 5.40E7 
DMEO 100%  6.0391 6.0391  6.0391 3.1138E− 14  3.9057 1.04E5  

TC3 GA 0%  0.0226 0.0289  0.0438 4.4746E− 2  64974.8955 3.67E7 
PSO 86.6667%  0.0213 0.0215  0.0224 2.9772E− 4  31799.7474 3.67E7 
ABC 100%  0.0214 0.0215  0.0216 6.2658E− 5  32753.9536 3.60E7 
DE 100%  0.0213 0.0213  0.0214 2.9587E− 5  39012.6300 3.67E7 
GWO 96.8750%  0.0213 0.0215  0.0218 1.6666E− 4  31894.4027 3.60E7 
EO 94.1176%  0.0213 0.0215  0.0219 1.8555E− 4  37392.8698 3.60E7 
DMEO 100%  0.0213 0.0216  0.0216 7.6276E− 5  17.5870 4.77E5  

TC4 GA 90%  3.6165 3.6769  3.8832 0.1157  209007.3040 1.43E9 
PSO 100%  3.6150 3.6150  3.6150 4.8648E− 16  134099.7850 1.43E9 
ABC 100%  3.6150 3.6150  3.6150 1.9505E− 8  138001.0356 1.41E9 
DE 100%  3.6150 3.6150  3.6150 9.4906E− 16  153200.0140 1.43E9 
GWO 100%  3.6151 3.6159  3.6193 0.0017  135555.0273 1.41E9 
EO 100%  3.6150 3.6150  3.6150 9.4206E− 16  152349.5122 1.41E9 
DMEO 100%  3.6150 3.6150  3.6150 1.3550E− 15  57.3729 1.18E6  
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variables of the (k − 1)th iterative step can be used as the initial pop
ulation of the kth iterative step. To prove this, we denote θk = g− 1(dk,

Ck), and Ck is the accordingly performance function value. Then, we can 
expand the performance function g− 1(dk,Ck) at θk− 1 = g− 1(dk− 1,Ck− 1)

using Taylor expansion. 

θk = θk− 1 +∇g− 1(dk− 1,Ck− 1)(dk − dk− 1)+O(
⃦
⃦dk − dk− 1⃦⃦2

) (27)  

where ∇g− 1 is the sensitivity. O(⋅) represents the high order small value 

with respect to the 
⃦
⃦
⃦dk − dk− 1

⃦
⃦
⃦

2
. From Eq. (27), we can observe that the 

difference between θk and θk− 1 is proportional to the difference between 
dk and dk− 1. It should be noted that the optimum dk is located at the 
neighborhood of optimumdk− 1, and thus the MPTP at the (k − 1)th 
iterative step is also located at the neighborhood of MPTP at the (k)th 
iterative step in θ-space. Thus, we can keep the optimum at the (k − 1)th 
iterative step as a component of the initial population at the (k)th iter
ative step. 

dk
int1 = dk− 1

Nbest (28)  

θk
int1 = θk− 1

Nbest (29)  

where dk
int1 and θk

int1 are the best solutions of design variables and MPTP 
at the kth iterative step. These mechanics promote exploitation capa
bility by generating a potential candidate. The pseudocode of particle’s 

Fig. 3. Schematic diagram of two different cases (a) TC1: RBDO example with two local optima that is difficultly to be solved by the gradient algorithms (b) TC2: 
multimodal RBDO problem that should be solved by the evolutionary and metaheuristic-based RBDO algorithms with strongly global convergence capacity. 

Fig. 4. The iterative histories for TC1 in different iterative stages (a) step 1 (b) step 2 (c) step 3.  

Table 3 
RBDO results for the high dimensional example.  

Case Algorithms Best Mean Worst SD Times (s) F-evaluations 

TC5 PMA − 25.9607  − 25.9549  − 25.7783  0.0333  13.0860 2.55E4 
SORA − 25.9589  − 25.9550  − 25.9515  0.0024  23.3426 4.42E4 
DMEO ¡26.0867  ¡25.7578  ¡25.5176  0.1223  319.8525 5.24E6  

TC6 PMA Not convergence     
SORA Not convergence     
DMEO 11.1427  11.4815  12.1835  0.2913  464.9262 5.13E5  

Fig. 5. Schematic figure of the tension/compression spring.  
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memory saving strategy is in Algorithm 3.  
Algorithm 3 Pseudocode of particle’s memory saving strategy  

1: iter=0; k=0. 
% iter is the iterative number of AFOEO algorithm. 
While k<Max_k or error< Max_error  
2: IF k=0  
3: Generate N population points [d1; d2; …,dN] by Latin hypercube sampling method.  
4: Else  
5: dk

int1 = dk− 1
Nbest . Generate another N-1 population points [d2; d3; …,dN] by Latin 

hypercube sampling method.  
6: End If  
7: Update the design variables to find the best population point dk

Nbest by using the 
AFOEO.  

8: For j=1:ng  
9: IF k=0  
10: Generate N population points [d1; d2; …,dN] by Latin hypercube sampling 

method.  
11: Else  
12: θk

int1 = θk− 1
Nbest . Generate another N population points [θ2; θ3; …, θN] by Latin 

hypercube sampling method.  
13: End IF  
14: Update the random variables to find the best population point by θk

Nbest using 
the AFOEO.  

15: Transform the best population point from θk
Nbest to xk.  

16: End For  

17: error =

⃒
⃒
⃒C(dk) − C(dk− 1)

⃒
⃒
⃒

/
C(dk).  

18: End While  

3.4. Parameter settings of the proposed DMEO 

The parameter settings of the AFOEO are same as those of EO, which 
are presented in Table 1. In the local search, the fractional derivative 

parameter α is selected as 0.1 based on the research of Yousri et al. 
(2019). To ensure the global convergence capacity, the parameters of a1 
and a2 are set to 2 and 1, respectively. The RBDO optimum can be 
deemed as convergence when the relative error ε of fitness value be
tween two continuous iterations is less than 10-3. The population size 
should be larger than the 10 × D dimension. The maximum iteration 
number is set to 200 for all sub-deterministic optimization problems. 
Because the search space of the MPTP computation algorithm is far 
smaller than that of the deterministic optimization, the maximum 
number of iterations of MPTP computation is half of that of the deter
ministic optimization. 

3.5. Exploration and exploitation ability of EO 

To sum up, the main mechanisms for performing exploitation and 
exploration in DMEO are as follows:  

• Decoupling: decoupling, separate the deterministic optimization and 
reliability analysis to avoid computing MPTP for each particle. This 
characteristic directly promotes the computational efficiency.  

• Coordinate transformation: by using polar coordinate, the complex 
constrained optimization model in transformed into simple uncon
strained optimization model. This will avoid creating constraint 
violation solutions, contributing to exploitation and exploration.  

• Particle’s memory saving: as the progress of iteration, exploitation 
becomes more and more important. Therefore, in the next the sub- 
optimization problem, the best solution obtained from the previous 
sub-optimization is in the vicinity of the optimum of the current sub- 

Fig. 6. Schematic figure of the bolted rim.  

Fig. 7. Schematic figure of the truss.  
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optimization, the particle’s memory saving is conducive to local 
search, resulting in exploitation.  

• Adaptive fractional-order calculus: this mechanism controls the 
speed of the non-elite particles moving toward the elite particle. 
During the iterative process, when the distance between the particles 
is large, the adaptive strategy, OBL, and FO calculus are aid to pro
vide promising search direction and speed, which is also helpful for 
exploring unknown search spaces, i.e. improving the exploitation 
and exploration capacity. 

3.6. Computational complexity 

The computational complexity is crucial for measuring the compu
tational time. The Big-O notation is used, which is employed to describe 
the worst-case performance of the DMEO (Faramarzi et al., 2020b). 
Unlike the deterministic optimization, the complexity of DMEO is 
simultaneously decided by the MPTP search and design variables up
date. Specifically, the particle number (N), the dimension of random 
variables (nr), the dimension of design variables (nd), the iterative 
numbers of deterministic optimization and MPTP search (Max_iter), the 
constraint number (ng), the maximum iteration number of the decou
pling framework (Max_k), the function computation cost of MPTP search 
(cr), and the function computation cost of deterministic optimization 
(cd) should be considered. 

O(DMEO) = O(MPTP search) +O(deterministic optimization)
(30) 

Thus, the computational complexity becomes.   

From Eq. (31), it can be seen that complexity of DMEO is polynomial 
function. Therefore, DMEO is a very efficient algorithm. 

4. Experimental study 

4.1. RBDO algorithms 

To validate the proposed method, several widely used benchmark 
test cases are used: TC1 (multimodal case with two local optima) (Deb 
et al., 2009), TC2 (multimodal case with three constraints) (Daum et al., 
2007), TC3 (tension/compression spring design case with discrete 
design variable) (Mirjalili et al., 2014) and TC4 (bolted rim case with 
mixed variables) (Giraud-Moreau & Lafon, 2002). The details of these 
examples can be seen in the Appendix. The purpose of these tests is to 
analyze the superiority of the exploitation and exploration capacity in 
terms of the complex system. The numerical results are compared in 
terms of following metrics: success proportion, mean solution, best so
lution, worst solution, standard deviation, and CPU time. The success 
proportion is computed by the following formulations: 

Ps =
∑n

i=1
I
(⃦
⃦
⃦
⃦

x*
i − xbest

i

x*
i

⃦
⃦
⃦
⃦⩽ε

)

× 100\% (32)  

where I denotes the indicator function. xbest
i denotes the best solution of 

the ith computation. x*
i denotes the reference value of best solution, 

which is computed by using the metaheuristic algorithms with 10,000 
simulations (both inner and outer loops) and 30 runs. The value of ε is 
0.01. 

4.2. Comparative algorithms 

Only a few evolutionary and metaheuristic algorithms have already 
been proposed for solving RBDO models without computing the gradient 
information. Therefore, this article considers five representative evolu
tionary and metaheuristic algorithms for solving RBDO problems in both 
inner and outer loops, i.e., GA, PSO, ABC, DE, GWO, and EO (Karaboga 
& Akay, 2009). Moreover, the classical gradient algorithm is also used 
for comparisons, such as PMA, SORA, SLA, and CSLA (Jeong & Park, 
2017; Liang et al., 2007; Meng et al., 2018). To comprehensively 
investigate the effects of initial point for PMA, SORA, SLA, and CSLA, we 
randomly generate the initial point of design variables, and all these 
gradient-based RBDO algorithms are also repeatedly operated using 
different initial points. For gradient-based RBDO algorithms, the itera

tion is deemed as the converging if 
⃦
⃦
⃦

dk − dk− 1

dk

⃦
⃦
⃦⩽10− 6 (outer loop) and 

⃦
⃦
⃦

xk − xk− 1

xk

⃦
⃦
⃦⩽10− 6 (inner loop) are satisfied. For evolutionary and 

metaheuristic-based RBDO algorithms, the population size and the it
erations are identical to those of the FOEO in both MPTP search and 
deterministic optimization, which aims to compare different algorithms 
in a fair way. Other parameters can be seen in Table 1. 

4.3. Empirical results 

For the first and second mathematical benchmark cases, all algo
rithms, including gradient, evolutionary and metaheuristic RBDO al
gorithms, are run 300 times to validate the global convergence capacity 
carefully. For other cases, all algorithms are run 30 times, and the mean 

and standard deviation of the results are recorded. All algorithms are 
executed using MATLAB on a personal computer with an Intel(R) Core 
(TM) i9-10940X CPU @ 3.30 GHz, 128.0 GB of RAM, 64-bit Windows 10 
operating system, and the CPU time is adopted to demonstrate the ef
ficiency. It should be emphasized that all convergence curves display the 
mean optimization results. 

As can be seen from Table 2, DMEO performs significantly better 
than other methods on all-test problems (at least 1000 times faster than 
other evolutionary and metaheuristic-based RBDO algorithms in terms 
of CPU time). For the first and the second cases, it can be observed from 
Fig. 3 that they are multimodal problems. The first case has two local 
optima: A (− 236.9867, 12.1741) and B (115.8741, − 27.557380), where 
point A is the global optimum, as plotted in Fig. 3(a). From Table 2, the 
gradient-based RBDO approaches meet the convergence problem, and 
the success proportions of PMA, SORA, SLA, and CSLA are 66.3333%, 
58.3333%, 65.3333%, and 68.3333%, respectively. For GA and ABC, 
since the convergence rate is slow, it also cannot converge to the point A. 
For DE, GWO, and EO, the best solution is less than − 12.1741; this is 
because the best solution violates the constraint. We can add the gen
eration and population size to promote the performances, but it gener
ates additional computational cost. PSO and EO exhibit superiority over 
other methods in terms of global convergence capacity. However, all 
these evolutionary and metaheuristic-based RBDO algorithms need to 
call the inner optimization for each individual of outer optimization, and 
the computational cost is very time-consuming. For DMEO, the outer 
optimization and inner optimization are decoupled and implemented in 
the order. The average maximum number of iterations of the decoupling 
framework Max_k is 3, which is far less than the product of population 
points and iteration (Max iter× N). Therefore, the CPU time of DMEO is 
about 1000 times less than those of evolutionary and metaheuristic- 

O(DMEO) = O(Max k × Max iter × N × (ng × nr + nd)+
Max k × Max iter × N × (cr + cd)) (31)   
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based RBDO algorithms. For TC2, the gradient algorithms, i.e. PMA, 
SORA, SLA, and CSLA, lack of ability to solve this problem. The evolu
tionary and metaheuristic-based RBDO algorithms demonstrate superi
ority, but the CPU times are too long. The proposed DMEO algorithm is 
the most efficient and effective method. For TC3 and TC4, similar phe
nomena can be found. In general, PSO, ABC, GWO, and EO show the 
competitiveness for global optimization. However, all these methods 
require too many computational costs, which seriously hinder the 
practical applications. The proposed DMEO method exhibits over
whelming superiority advantages in terms of efficiency and the 
convergence rate, which is at least 1000 times faster than evolutionary 
and metaheuristic-based RBDO algorithms in terms of CPU time. 

Moreover, we discuss the proposed DMEO algorithm in detail based 
on experimental tests. In order to investigate the influence of different 
strategies, a comprehensive investigation of three variants of DMEO for 
TC1 is conducted as a representative, which includes nested double loop 
EO algorithms, the decoupling-based EO algorithms (EO + s1), the 
decoupling-based EO algorithms using particle’s memory saving strat
egy (EO + s1 + s2), and the proposed DMEO method (EO + s1 + s2 +
s3). The accordingly computational times are 3188.7092 s, 2.9948 s, 
2.9933 s, 2.9921 s. It should be emphasized the double loop EO algo
rithms do not use a decoupling strategy, which can be not compared 
with other variants. From the experimental test, all three variants (EO +
s1, EO + s1 + s2, and EO + s1 + s2 + s3) need to shift the constraint 
three times, i.e. k = 3, and the convergence curves are plotted in Fig. 4. It 
can be seen that different combinations of strategies interactively affect 
DMEO. The integration of above-mentioned strategies exhibits better 
impact in terms of the efficiency and global convergence capacity of 
DMEO than standalone strategy. Among them, EO + s1 + s2 + s3 is the 
most effective method, which means that the combination of all stra
tegies promotes convergence the most. This phenomenon validates the 
reasonability of the mixed utilization of different strategies under the 
decoupling framework. Specifically, strategy s1 plays a more important 
role than strategies s2 and s3 to alleviate the computational cost, and 
this phenomenon is reasonable. Strategy s1 carries out the MPTP search 
and deterministic optimization parallelly, and thus the computational 
costs are only slightly slower than the deterministic optimization. 
Strategies s2 and s3 focus on promoting the convergence rate and global 
convergence capacity. In general, the integration of three strategies can 
make the proposed DMEO algorithm become very competitive from the 
aspect of efficiency, exploration and exploitation. 

4.4. Validation on high-dimensional case studies 

In this section, we test the performance of the proposed DMEO 
method on a high dimensional mathematic example (TC5) (Li et al., 
2019) and a 25-bar truss design (TC6) (Ganzerli & Pantelides, 2000), the 
details are also listed in Appendix. Considering the nested double loop 
evolutionary and metaheuristic-based RBDO algorithms’ unbearable 
computational cost, this section only uses PMA and SORA as the refer
ences, in which the accordingly maximum iterative number are 500 and 
80. The initial iterative point of PMA and SORA are randomly generated 
to test the global convergence capacity. All algorithms, including PMA, 
SORA, and DMEO, are operated 30 times, and the best, mean, and worst 
values are listed in Table 3. Also, the standard deviations are compared. 

For TC6, the performance function g = 25 ksi − max{σ1, σ2, ...,

σ25} is a complex high dimensional non-difference problem that is 
computed by the finite element method. The maximum iterations and 
population size are also set to 500 and 80, respectively. All these 
methods are also carried out 30 times, and the statistical data are listed 
in Table 3. 

The statistical results are summarized in Table 3, which can be found 
that the DMEO is significantly better than or comparably well to PMA 
and SORA. From the computational cost of the previous section, we can 
conclude that the double loop evolutionary and metaheuristic-based 
RBDO algorithms is about 1000 times slower than the proposed DMEO 
in terms of CPU time. In other words, it requires about 50 days a per run 
for TC6, which is unbearable. For TC5, since this complex RBDO prob
lem contains multiple local optima, PMA and SORA are biased toward 
local search and different best solutions can be found with different 
initial points. DMEO achieves better global convergence. For TC6, PMA 
and SORA are incapable of solving this complex non-difference problem. 
This phenomenon demonstrates that the proposed DMEO not only 
achieves promising global search capacity, but also achieves high local 
search capacity. In summary, the proposed DMEO is highly effective for 
solving high-dimensional complex RBDO problems. 

5. Conclusions 

The target of this study was to introduce a general and efficient 
evolutionary and metaheuristic RBDO algorithm for the expensive 
RBDO problems. The optimization framework of the proposed DMEO 
algorithm adopts the basic concept of SORA. Comparing with the SORA, 
the proposed DMEO algorithm first extended the decoupling strategy 
into the evolutionary and metaheuristic computation field in order to 
guide the global search accurately. In addition, the particle’s memory 
saving mechanism was developed to generate better local optima by 
making the merits of the history information. Finally, an adaptive 
fractional-order equilibrium optimizer strategy was developed to further 
promote the computational efficiency. DMEO can be considered as a 
substantial improvement for evolutionary and metaheuristic RBDO 
algorithms. 

To verify the proposed DMEO, this algorithm was on several inten
sively utilized benchmark examples with different types: multimodal 
function, unimodal function, discrete design space, multiple constraints, 
and non-difference problem. The results showed that all three strategies 
could accelerate the convergence rate of the proposed DMEO. In addi
tion, an overall performance comparison among DMEO, four popular 
gradient RBDO algorithms (including PMA, SORA, SLA, and CSLA), and 
six evolutionary and metaheuristic algorithms (including GA, PSO, ABC, 
DE, GWO, and EO) were implemented. The results showed that the 
DMEO achieves an extremely faster converge rate and higher conver
gence capacity. The superiority of the DMEO over another gradient, 
evolutionary, and metaheuristic algorithms demonstrates that the pro
posed universal decoupling evolutionary and metaheuristic DMEO 
framework is very effective. 

CRediT authorship contribution statement 

Zeng Meng: Conceptualization, Methodology, Software, Validation, 
Funding acquisition, Writing – original draft, Writing – review & editing. 
Ali Rıza Yıldız: Software, Writing – review & editing. Seyedali Mir
jalili: Software, Writing – review & editing. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Z. Meng et al.                                                                                                                                                                                                                                    



Expert Systems With Applications 205 (2022) 117640

11

Acknowledgments 

The supports of the National Natural Science Foundation of China 
(Grant No. 11972143), the Fundamental Research Funds for the Central 

Universities of China (Grant No. JZ2020HGPA0112), and the Founda
tion of State Key Laboratory of Structural Analysis for Industrial 
Equipment from Dalian University of Technology (Grant No. GZ21101) 
are much appreciated.  

Appendix 

Mathematical example with two local optima 

The first case is a mathematical example with two local optima, which is explored by the Deb et al. (2009). It contains two normal random 
variables × and y, while their standard deviations areσx = σy = 10.The RBDO model is expressed as follows: 

min − μy

s.t. Prob[gi(x, y)⩾0]⩽Φ(− βt
i), i = 1, 2, 3

where g1(x, y) = x2 − 1000y
g2(x, y) = y − x + 200
g3(x, y) = x − 3y + 400

− 400⩽x, y⩽300
βt

1 = βt
2 = βt

3 = 4

(33)  

Multimodal example 

The second case is a multimodal example with many local optima, which can be seen in Daum et al. (2007). Both of two random variables follow 
the normal distribution, while their standard deviations areσx = σy = 0.3. The RBDO model is as follows: 

min sin(3μ2
x1
) + sin(3μ2

x2
) + μx1

+ μx2

s.t. Prob[gi(x)⩾0]⩽Φ(− βt), i = 1, 2, 3
0⩽d1⩽10, 0⩽d2⩽10

where g1(x) = x2
1x2/20 − 1

g2(x) = (x1 + x2 − 5)2
/30 − (x1 − x2 − 12)2

/120 − 1
g3(x) = 80/(x2

1 + 8x2 + 5) − 1
βt

1 = βt
2 = βt

3 = 3

(34)  

Tension/Compression spring 

As shown in Fig. 5, a tension/compression spring subjected to the axially load is designed, and the volume is considered as the objective function. 
The design variables contain the coil diameter x2, wire diameter x1, and the spring coils number x3, while the spring coils number is considered as the 
integer number. The RBDO model is formulated as follows: 

min (μx1
+ 2)μx2

μ2
x3

s.t. Prob[gi(x)⩾0]⩽Φ(− βt), i = 1, 2, 3
0.05⩽μx1

⩽2, 0.25⩽μx2
⩽1.3, 2⩽μx3

⩽15
where g1(x) = x3

2x3/71, 785x4
1 − 1

g2(x) = 1 − 1/5108x2
1 + x1x2/12, 566(x1x3

1 − x4
1) − 4x2

2

g3(x) = 140.45x1/x2
2x3

g4(x) = 1 − x2 − x1/1.5
βt

1 = βt
2 = βt

3 = 3

(35)  

A bolted rim 

As plotted in Fig. 6, a bolted rim is optimized with both discrete and continuous variables, which contains eleven probabilistic constraints. The 
bolts of diameter d and its number N are selected as discrete variables, and the radius RB and torque M are continuous design variables. The RBDO 
model is as follows: 
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find d = [RB,M, d,N]
T

min f (x) = β1

(
N
Nm

)

+ β2

(
RB + ϕ4(d) + c

Rm

)

+ β3

(
M
MT

)

s.t. Prob[gi(x)⩾0]⩽Φ(− βt
i); i = 1 − 11

g1(x) =
αM

NRBK(d)
− 1⩽0, g2(x) = 1 −

2πRB

ϕ5(d)N
⩽0

g3(x) = 1 −
RB

ϕ4(d)
+ RM⩽0, g4(x) = N − Nmax⩽0

g5(x) = RB − Rmax⩽0, g6(x) = NM − N⩽0

g7(x) = RM − RB⩽0, g8(x) = M − Mmax⩽0

g9(x) = MT − M⩽0, g10(x) = d − 24⩽0

g11(x) = 6 − d⩽0

βt
1 = βt

2 = ⋅⋅⋅ = βt
11 = 3.0

RBÑ(, ),MÑ(, )

K(d) =
0.9fmReπ(ϕ1(d))

2

4
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 3(0.16ϕ3(d)f1/ϕ1(d))
2

√

MT = 40Nm, Mmax = 1000Nm

fm = 0.15, f1 = 0.15

α = 1.5, Re = 627MPa

NM = 8, Nmax = 100,

RM = 50mm, Rmax = 1000mm

6⩽d⩽24, 8⩽N⩽100,

50⩽RB⩽100, 40⩽M⩽100

(36)  
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A high dimensional mathematical example 

This example contains 18 random variables, where the means are considered as the design variables. All random variables have the same standard 
deviation 0.1. The RBDO model is represented by. 

find d = [d1, d2, ..., d18]
T

min f (x) =
∑18

i=14
di −

∑13

j=1
dj

s.t. Prob[gi(x)⩾0]⩽Φ(− βt
i); i = 1 − 12

g1 = 3x2
5 + x2

7 + 2x2
13 + x1x10 + 2x4x6 + 3x2x9 + 4x3x8 + 5x11x12 + 0.001⋅(x14 + x15)

− x16x17 − x18 − 210

g2 = 2x2
2 + 4x2

3 + 5x1x10 + 4x4x5 + 3x6x7 + 2x9x8 + x11x12 + x13x12 + 0.001⋅(x14 + x15)

− x16 − 2x2
17 − x2

18 − 200

g4 = 2x2
2 + 1.5x2

3 + 2x2
4 + x2

7 + x1x13 + 2x8x12 + 3x6x11 + 2x4x5 + 3x10x3 + 3x1x9

+0.001⋅(x14 + x15) − x16x2 − x17 − 180

g5 = 2x2
1 + 2x2

6 + 3x2
7 + x2

11 + x12x13 + 2x8x10 + 3x3x9 + 2x4x5 + x1x13 + 0.001⋅(x14 + x15)

− x17x18 − x16 − 180

g6 = 10x1 + 9x2 + 8x3 + 7x4 + 6x5 + 5x6 + 4x7 + 3x8 + 2x9 + x10 + 6x11 + 4x12 + 2x13

+0.001⋅(x14 + x15) − 2x16 − 3x17 − x18 − 200

g7 = 10x1 + 8x2 + 6x3 + 4x4 + 2x5 + 5x6 + 4x7 + 3x8 + 2x9 + x10 + x11 + 3x12 + 5x13

+0.001⋅(x14 + x15) − x16 − x17 − x18 − 160

g8 = 4x1 + 3x2 + 2x3 + x4 + 10x5 + 9x6 + 8x7 + 7x8 + 6x9 + 5x10 + 4x11 + 3x12 + 2x13

+0.001⋅(x14 + x15) − 5x16 − 2x17 − 3x18 − 180

g9 =
∑13

i=1
ixi + 0.001⋅(x14 + x15) − 3x16 − 2x17 − x18 − 300

g10 =
∑13

i=1
ix14− i + 0.001⋅(x14 + x15) − x16 − 3x17 − x18 − 280

g11 = 0.001⋅
∑13

i=1
xi − 10⋅x2

14⋅x15 + 200

g12 = 0.001⋅
∑13

i=1
xi − 4⋅(x14 + x15 − 5)2

− (x14 − x15 − 12)2
+ 120

βt
1 = βt

2 = ⋅⋅⋅ = βt
12 = 3.0

2⩽di⩽4; i = 1 − 18

(37)  

A 25-bar truss 

The weight of a 25-bar truss is minimized, which has 24 degrees of freedom, as shown in Fig. 7. The elasticity modulus of these bars is selected as 
29,000 ksi. The lengths of the bars are 600 in, and the heights are 600 in. All truss areas are selected as the design variables. There are four external 
forces: P1 = P3 = 400 kip, P2 = 500 kip, and P4 = 300 kip. All forces are considered as random variables, where the coefficients of variation are 0.1. The 
RBDO formulation is expressed as follows: 

find d = [A1,A2,A3,A4,A5,A6,A7,A8,A9,A10, A11,A12,A13,A14,A15,A16,A17,A18,A19, A20,A21,A22,A23,A24,A25]
T

min V(d)
s.t. Prob[g(d,P1,P2,P3,P)⩾0]⩽Φ(− βt);

where g = 25 ksi − max{σ1, σ2, ..., σ25}

βt = 3, j = 1, ..., 25
0.1⩽Ai⩽25, i = 1, ..., 25

(38)  

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.eswa.2022.117640. 
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Vořechovský, M. (2015). Hierarchical refinement of Latin hypercube samples. Computer- 
Aided Civil and Infrastructure Engineering, 30, 394–411. 

Wang, Y., Hao, P., Guo, Z., Liu, D., & Gao, Q. (2019). Reliability-based design 
optimization of complex problems with multiple design points via narrowed search 
region. Journal of Mechanical Design, 142, 1–62. 

Wang, J., Wen, Y., Gou, Y., Ye, Z., & Chen, H. (2017). Fractional-order gradient descent 
learning of BP neural networks with Caputo derivative. Neural Networks, 89, 19–30. 

Wang, J., Zhou, Z. J., Hu, C. H., Tang, S. W., & Cao, Y. (2021). A new evidential 
reasoning rule with continuous probability distribution of reliability. IEEE 
Transactions on Cybernetics, 1–13. 

Z. Meng et al.                                                                                                                                                                                                                                    

http://refhub.elsevier.com/S0957-4174(22)00946-0/h0005
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0005
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0005
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0010
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0010
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0010
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0010
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0015
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0015
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0015
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0020
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0020
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0025
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0025
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0025
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0030
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0030
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0030
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0035
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0035
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0040
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0040
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0040
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0045
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0045
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0050
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0050
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0050
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0055
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0055
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0055
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0060
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0060
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0065
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0065
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0070
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0070
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0070
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0075
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0075
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0075
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0080
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0080
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0080
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0085
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0085
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0090
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0090
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0095
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0095
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0100
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0100
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0100
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0105
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0105
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0105
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0105
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0110
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0110
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0110
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0115
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0115
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0115
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0120
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0120
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0120
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0125
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0125
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0125
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0130
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0130
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0130
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0135
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0135
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0140
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0140
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0140
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0145
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0145
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0145
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0150
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0150
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0155
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0155
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0155
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0155
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0160
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0160
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0160
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0165
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0165
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0165
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0165
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0170
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0170
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0175
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0175
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0175
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0180
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0180
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0180
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0185
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0185
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0185
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0190
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0190
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0190
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0195
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0195
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0195
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0200
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0200
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0200
https://doi.org/10.1007/s00158-021-03091-y
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0210
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0210
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0210
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0215
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0215
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0215
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0220
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0220
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0220
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0225
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0225
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0230
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0230
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0235
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0235
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0235
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0240
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0240
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0245
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0245
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0250
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0250
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0250
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0255
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0255
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0255
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0260
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0260
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0260
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0265
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0265
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0265
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0265
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0270
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0270
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0270
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0275
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0275
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0280
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0280
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0285
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0285
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0290
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0290
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0295
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0295
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0300
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0300
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0300
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0305
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0305
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0310
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0310
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0310


Expert Systems With Applications 205 (2022) 117640

15

Yang, I., & Hsieh, Y. H. (2011). Reliability-based design optimization with discrete 
design variables and non-smooth performance functions: AB-PSO algorithm. 
Automation in Construction, 20, 610–619. 

Yang, M. D., Zhang, D. Q., Cheng, C., & Han, X. (2021). Reliability-based design 
optimization for RV reducer with experimental constraint. Structural and 
Multidisciplinary Optimization, 63, 2047–2064. 

Yang, M., Zhang, D., & Han, X. (2020). New efficient and robust method for structural 
reliability analysis and its application in reliability-based design optimization. 
Computer Methods in Applied Mechanics and Engineering, 366, Article 113018. 

Yaseen, Z. M., & Keshtegar, B. (2018). Limited descent-based mean value method for 
inverse reliability analysis. Engineering with Computers, 35, 1237–1249. 

Yi, J., Bai, J., He, H., Zhou, W., & Yao, L. (2020). A multifactorial evolutionary algorithm 
for multitasking under interval uncertainties. IEEE Transactions on Evolutionary 
Computation, 24, 908–922. 

Yi, P., Cheng, G., & Jiang, L. (2008). A sequential approximate programming strategy for 
performance-measure-based probabilistic structural design optimization. Structural 
Safety, 30, 91–109. 

Youn, B. D., Choi, K. K., & Park, Y. H. (2003). Hybrid analysis method for reliability- 
based design optimization. Journal of Mechanical Design, 125, 221–232. 

Youn, B. D., Choi, K. K., Yang, R. J., & Gu, L. (2004). Reliability-based design 
optimization for crashworthiness of vehicle side impact. Structural and 
Multidisciplinary Optimization, 26, 272–283. 

Yousri, D., AbdelAty, A. M., Radwan, A. G., Elwakil, A. S., & Psychalinos, C. (2019). 
Comprehensive comparison based on meta-heuristic algorithms for approximation of 

the fractional-order Laplacian sα as a weighted sum of first-order high-pass filters. 
Microelectronics Journal, 87, 110–120. 

Yousri, D., Elaziz, M. A., & Mirjalili, S. (2020). Fractional-order calculus-based flower 
pollination algorithm with local search for global optimization and image 
segmentation. Knowledge-Based Systems, 197, Article 105889. 

Zaeimi, M., & Ghoddosian, A. (2018). Structural reliability assessment based on the 
improved constrained differential evolution algorithm. Periodica Polytechnica Civil 
Engineering, 62(2), 494–507. 

Zhao, H., Ru, Z., Chang, X., & Li, S. (2015). Reliability analysis using chaotic particle 
swarm optimization. Quality and Reliability Engineering International, 31, 1537–1552. 

Zhao, H., Zhu, C., & Ru, Z. (2018). Reliability analysis based on artificial bee colony 
(ABC) and its application in geotechnical engineering. The Open Civil Engineering 
Journal, 12, 96–107. 

Zhong, C., & Li, G. (2022). Comprehensive learning Harris hawks-equilibrium 
optimization with terminal replacement mechanism for constrained optimization 
problems. Expert Systems with Applications, 192, Article 116432. 

Zhong, C., Wang, M., Dang, C., & Ke, W. (2020). Structural reliability assessment by salp 
swarm algorithm–based FORM. Quality and Reliability Engineering International, 36, 
1224–1244. 

Zhu, S. P., Keshtegar, B., Chakraborty, S., & Trung, N. T. (2020). Novel probabilistic 
model for searching most probable point in structural reliability analysis. Computer 
Methods in Applied Mechanics and Engineering, 366, Article 113027. 

Z. Meng et al.                                                                                                                                                                                                                                    

http://refhub.elsevier.com/S0957-4174(22)00946-0/h0315
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0315
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0315
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0320
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0320
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0320
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0325
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0325
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0325
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0330
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0330
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0335
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0335
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0335
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0340
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0340
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0340
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0345
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0345
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0350
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0350
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0350
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0355
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0355
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0355
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0355
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0360
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0360
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0360
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0365
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0365
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0365
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0370
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0370
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0375
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0375
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0375
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0380
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0380
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0380
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0385
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0385
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0385
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0390
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0390
http://refhub.elsevier.com/S0957-4174(22)00946-0/h0390

	Efficient decoupling-assisted evolutionary/metaheuristic framework for expensive reliability-based design optimization problems
	1 Introduction
	2 Background
	2.1 RBDO algorithms
	2.2 Performance measure approach
	2.3 Equilibrium optimizer algorithm

	3 Proposed efficient generalized evolutionary and metaheuristic-based RBDO algorithm
	3.1 Generalized decoupling metaheuristic RBDO framework
	3.2 Adaptive fractional-order equilibrium optimizer algorithm
	3.2.1 Adaptive strategy for exponential parameter
	3.2.2 Opposition-based learning
	3.2.3 Fractional-order equilibrium optimizer algorithm

	3.3 Particle’s memory saving strategy
	3.4 Parameter settings of the proposed DMEO
	3.5 Exploration and exploitation ability of EO
	3.6 Computational complexity

	4 Experimental study
	4.1 RBDO algorithms
	4.2 Comparative algorithms
	4.3 Empirical results
	4.4 Validation on high-dimensional case studies

	5 Conclusions
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgments
	Appendix Acknowledgments
	Mathematical example with two local optima
	Multimodal example
	Tension/Compression spring
	A bolted rim
	A high dimensional mathematical example
	A 25-bar truss

	Appendix A Supplementary data
	References


