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ABSTRACT

Cluster ensembles have emerged as a powerful tool to obtain clusters of data points by combining a library
of clustering solutions into a consensus solution. In this paper, we address the cluster ensemble selection
problem and design a multi-objective optimization-based solution framework to produce consensus solutions.
Given a library of clustering solutions, we first design a preprocessing procedure that measures the agreement
of each clustering solution with the other solutions and eliminates the ones that may mislead the process.
We then develop a multi-objective optimization algorithm that selects representative clustering solutions from
the preprocessed library with respect to size, coverage, and diversity criteria and combines them into a single
consensus solution, for which the true number of clusters is assumed to be unknown. We conduct experiments
on different benchmark data sets. The results show that our approach yields more accurate consensus solutions
compared to full-ensemble and the existing approaches for most data sets. We also present an application on
the customer segmentation problem, where our approach is used to segment customers and to find a consensus

solution for each segment, simultaneously.

1. Introduction

Clustering is an unsupervised learning method aiming to reveal
the true nature of data in the absence of any external knowledge
of labels (Jain, Murty, & Flynn, 1999). The objective is to discover
the patterns and structures in high-dimensional data and divide them
into groups of similar data points (Berkhin, 2006). It has been widely
used in a variety of application domains including healthcare, bioinfor-
matics, marketing, and image segmentation (Reutterer & Dan, 2020;
Saxena et al., 2017; Tomar & Agarwal, 2013). However, there is no
single proven algorithm or technique that performs well for all data
sets according to the well-known no-free-lunch theorem of Wolpert,
Macready, et al. (1995). The performance of the clustering algorithms
is highly dependant upon the characteristics of the data set as well as
the parameter settings at the outset (Kuncheva & Hadjitodorov, 2004;
Wolpert et al., 1995).

Considering that different clustering algorithms or even the same al-
gorithm with different parameters can produce very distinct partitions
of the data set, Fred and Jain (2005) introduce the concept of evidence
accumulation for combining different clustering solutions into a single
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consolidated clustering. This process is known as cluster ensembles and
shown to provide more robust results across a very wide range of data
sets (Boongoen & Iam-On, 2018). Given a data set, the process starts
with generating an initial library of clustering solutions by applying
different algorithms or using different parameters. Then, a clustering
combination strategy is used to produce a consensus solution. While
combining all clustering solutions in the library, the full-ensemble, is
typically employed in the earlier studies of cluster ensembles, Fern
and Lin (2008) introduce cluster ensemble selection problem and show
that using the full-ensemble does not only increase the computational
effort but also masks the true nature of data and misleads the consensus
function. The aim of the cluster ensemble selection is to find a smaller
subset of solutions such that the resulting partition performs as well
or better than the solution obtained by the full-ensemble. Fern and
Brodley (2003) point out that the ensemble should be of good quality
and diversity to obtain such consensus solutions. Although there are
variations, quality mainly stands for the capability of the ensemble to
reflect the clustering trend in the library whereas diversity stands for
the ability to attain diverse consensus solutions from the ensemble.
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In this paper, we develop an innovative approach to cluster ensem-
ble selection problem and design a multi-objective optimization-based
solution framework to find a consensus clustering given a library of
various partitions of the data set. The aim is to select a smaller cluster
ensemble (size) from a library of clustering solutions that represents
the full-ensemble well (quality) without any redundancies (diversity)
and performs as well as or better than the full ensemble. In contrast
to existing literature, we utilize exact multi-objective and compromise-
programming approaches to deal with these multiple criteria simulta-
neously. We first design a novel algorithm, Representative Clusterings
Algorithm (RCA), that finds a subset of solutions representing the
library well based on these three criteria. To evaluate the quality of
the representative set, we utilize a new metric, coverage gap, that
measures how well each solution in the full-ensemble is represented by
the subset. Since RCA aims to minimize the size of the representative
set while maximizing the quality and diversity, there does not exist a
unique solution. Therefore, RCA is designed to find efficient ensembles
(EEs) for which it is not possible to improve one criterion without
sacrificing from another one. Each EE of clustering solutions is then
used to generate an efficient consensus solution (ECS). Since there may
exist some clustering solutions in the initial library which may mislead
the representative selection process, we also develop a preprocessing
algorithm (PPA) that detects and removes such outlier solutions from
the full-ensemble before applying RCA.

This paper contributes to the relevant literature by not only de-
signing a novel approach that embeds multi-objective optimization and
decision making tools into the ensemble selection process but also
addressing the case where the number of clusters is unknown. Without
using any external knowledge on the true number of clusters, the
cluster ensemble method generates efficient consensus clustering solutions
with respect to quality, diversity and size criteria by characterizing the
pattern and structure of the data. This is particularly important in cus-
tomer or patient segmentation and design of recommendation systems
and personalized treatment plans where having different customer or
patient segments can serve different purposes.

The organization of the paper is as follows. We give background
information in Section 2 and develop our algorithms in Section 3. We
present computational results of experiments on the benchmark data
sets in Section 4 and apply our approach to the customer segmentation
problem in Section 5. We then conclude in Section 6.

2. Background and related work

Cluster analysis is the task of grouping a set of data points. By
applying different clustering methods or with different parameter set-
tings, distinct clustering solutions for the same data set can be obtained.
Cluster ensembles have emerged as a powerful tool to overcome the
difficulty of choosing one of these solutions. Instead, cluster ensembles
combine a set of clustering solutions into a single consensus solution.

2.1. The cluster ensemble problem

For a set of N data points X = {x;,x,,...,xy}, let IT = {x|,..., 7}
be a cluster ensemble with L clustering solutions where each ensemble
member, z; = {Cl”", e CZ" }, represents a partition of the data set into k;
clusters. The aim is to combine these L ensemble members into a new
clustering solution, z*, that does not only summarize the information
from the cluster ensembles but also outperforms its members in terms of
the correspondence with the true labels. Boongoen and Iam-On (2018)
and more recently Golalipour, Akbari, Hamidi, Lee, and Enayatifar
(2021) present an overview of cluster ensemble generation and selec-
tion strategies with a discussion on theoretical details of state-of-the-art
methods and extensions.
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2.2. Ensemble generation

In the cluster ensemble problem, several strategies have been pro-
posed to generate the cluster ensemble, the initial library of clustering
solutions. While a homogeneous ensemble is obtained by using a single
clustering algorithm with different parameter settings (Fred & Jain,
2005; Gionis, Mannila, & Tsaparas, 2007), multiple algorithms are run
to generate a heterogeneous ensemble (Ayad & Kamel, 2003; Azimi &
Fern, 2009; Hadjitodorov, Kuncheva, & Todorova, 2006; Law, Topchy,
& Jain, 2004). Since the output of clustering algorithms is also depen-
dant on the choice of the number of clusters and features, there are
also studies that generate the cluster ensemble by changing the number
of clusters (Fern & Lin, 2008; Fred & Jain, 2005; Kuncheva & Vetrov,
2006) and/or by choosing different subsets of features (Fern & Lin,
2008; Strehl & Ghosh, 2002; Yu, Wong, & Wang, 2007). It has been
shown that the quality of the ensemble members as well as the diversity
among them have a strong impact on the performance of the consensus
solution (Fern & Brodley, 2003; Kuncheva & Vetrov, 2006).

2.3. Cluster ensemble selection

The cluster ensemble framework typically produces a large number
of clustering solutions using different algorithms, different parameter
settings or different representations of the data. Although it is common
to use the full-ensemble in producing a final clustering solution, identi-
fying a smaller subset can perform as effectively as or better than the
full ensemble (Golalipour et al., 2021).

There are several studies on cluster ensemble selection in the lit-
erature (Alizadeh, Minaei-Bidgoli, & Parvin, 2014; Fern & Lin, 2008;
Hadjitodorov et al., 2006; Naldi, Carvalho, & Campello, 2013; Wang
& Liu, 2018; Yang, Li, Zhou, & Xiao, 2017). Although Hadjitodorov
et al. (2006) earlier generated multiple cluster ensembles and selected
the one with moderate diversity to use in producing a final consensus
clustering, the cluster ensemble selection problem has been introduced
by Fern and Lin (2008). They show that both quality and diversity
are instrumental in producing a smaller cluster ensemble performing
as well as or better than the full ensemble. The quality of an ensemble
is defined as the total similarity of its members to the other clustering
solutions in the full-ensemble while the diversity of an ensemble is the
total pairwise-similarity of solutions in the ensemble. Although their
strategies jointly consider both quality and diversity criteria, they do
not generate all efficient ensembles with respect to the two criteria.
Their Joint Criterion (JC) method reduces the problem into the single
criterion by aggregating the two criteria while the Cluster and Select
(CAS) method utilizes a lexicographic approach that considers both
criteria in a prioritized manner. The hierarchical cluster ensemble
selection (HCES) method of Akbari, Dahlan, Ibrahim, and Alizadeh
(2015) can be considered as a generalized version of CAS as it follows a
lexicographic approach to deal with the two criteria but also considers
the size of ensemble.

While the methods developed by Hadjitodorov et al. (2006) and Fern
and Lin (2008) are generic and applicable for all data sets, Azimi and
Fern (2009) introduce an adaptive cluster ensemble selection method
that takes the characteristics of initial library into account. They first
classify the initial library of the solutions into two categories, stable or
non-stable, based on the similarity between the full-ensemble members
and their consensus solution, and apply a selection strategy for each
category. If the initial library is stable, they select the full-ensemble.
Otherwise, they identify the most dissimilar solutions to the consensus
solution generated by full-ensemble and include them in the subset.
Although this approach works well in terms of the accuracy of the
resulting consensus solution, the ensemble selected by this approach
does not represent the characteristics of the initial library well. Jia,
Xiao, Liu, and Jiao (2011) generalize this approach and generate
subsets using spectral clustering and bagging technique.
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Fig. 1. Multi-objective Optimization Framework to select ensembles and obtain consensus solutions.

Naldi et al. (2013) investigate the use of relative validation indexes
in evaluating the quality in cluster ensemble selection strategies and
compare the results against those of Fern and Lin (2008). They also
investigate the impact of diversity and show that combining different
relative indexes in cluster ensemble selection produces a final consen-
sus solution that tends to be more robust and accurate than solutions
obtained by using individual indexes. Abbasi, Nejatian, Parvin, Rezaie,
and Bagherifard (2019) later propose a new validity measure for each
cluster in a solution where in case a threshold for this measure is
satisfied, the cluster can be included in the final consensus solution.

Different from prior approaches, Yang et al. (2017) and Wang and
Liu (2018) take the characteristics of the original data and partitioning
of objects into account in ensemble selection. Yang et al. (2017) pro-
pose a greedy approach that searches for the ensemble that maximizes
a weighted sum score based on quality, diversity, and consistency. They
define must-link and cannot-link constraints indicating that a pair of
objects should be in the same cluster, or they should be in different
clusters. They measure the consistency of a clustering solution by the
fraction of constraints satisfied while the consistency of an ensemble
corresponds to the average consistency of the ensemble members.
Similarly, Wang and Liu (2018) use multi-modal metrics to evaluate
the quality and diversity of each individual clustering solution and then
use a weighted-sum method to select the solutions that will participate
in the clustering ensemble process.

Given a cluster ensemble, Li, Qian, Wang, Dang, and Jing (2019)
introduce a stability metric to differentiate the objects that remain
consistently in one cluster from those that frequently move from one
cluster to another. They then propose a cluster ensemble method that
uses these stability metrics in producing a consensus solution. These
stability metrics could also be utilized in cluster ensemble selection.

These studies propose techniques and methods to select a smaller
better-performing subset from the full-ensemble based on diversity and
quality. As diversity, quality and size compete against each other, the
ensemble selection problem is a multi-objective optimization problem
by its nature for which there is no unique solution that simultane-
ously optimizes each objective. There does not exist any algorithm
in the literature which is capable of generating efficient subsets for a
multi-objective ensemble selection problem.

2.4. Consensus functions

After the cluster ensemble is generated and a subset is selected,
the next task is to combine these cluster ensemble members by means
of a consensus function, which is a mapping from the set of cluster-
ing solutions to a single final solution. Boongoen and lam-On (2018)
classify the methods used in combining ensembles into four categories
as direct, feature-based, pairwise-similarity based, and graph-based
approaches. Direct approaches develop a voting model for the con-
sensus label of each point (Ayad & Kamel, 2010; Topchy, Law, Jain,
& Fred, 2004) while feature-based methods cluster data points based
on the information obtained from an ensemble, without searching for
correspondence amongst labels (Nguyen & Caruana, 2007; Yu et al.,,
2014). Another approach to generate a consensus solution is to create a
pairwise similarity/dissimilarity matrix of data points based on the en-
semble members and apply a clustering algorithm to obtain consensus
labels (Fred & Jain, 2005; Yan, Chen, & Jordan, 2013). Lastly, graph-
based approaches construct a network of data points representing the
cluster ensemble and solve a graph partitioning problem to find a
consensus solution (Fern & Brodley, 2004; Strehl & Ghosh, 2002; Xiao,
Yang, Wang, Li, & Xing, 2016).
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Finding the appropriate size for a cluster ensemble is a challeng-
ing problem and it is still uncertain, according to the recent and
comprehensive review of Golalipour et al. (2021) on cluster ensem-
bles and ensemble selection. Moreover, consensus functions are typ-
ically sensitive to size, quality, and diversity of the ensemble, while
some are more sensitive to one criterion than the others (Golalipour
et al., 2021). Therefore, integrating multi-objective optimization meth-
ods into the cluster ensemble selection process is useful in generating
better-performing consensus solutions and analyzing the trade-offs in
these multiple criteria.

3. Development of the algorithms

Given a library of clustering solutions, IT = {x|, ..., }, we design
a methodology that combines the strengths of these solutions and pro-
duces a single consensus solution, z*. We first develop a preprocessing
algorithm (PPA) that filters out the “weak” clustering solutions from
the initial library and obtain a subset of the full-ensemble, p C IT. We
then design a Representative Clusterings Algorithm (RCA), to find a
subset of clustering solutions, 7, that represents the surviving solutions
in the preprocessed library. Since RCA aims to minimize the size of
the subset while maximizing the diversity and quality, the problem is
multi-objective by its nature and there does not exist a unique optimal
representative subset. Therefore, RCA generates the set of efficient rep-
resentatives, Ry, each of which is a subset of the clustering solutions
in the preprocessed library, = C p, for which it is not possible to improve
one criterion without a deterioration in another one. Although RCA can
be used to generate a single representative consensus solution by setting
the size of the subset to one, a set of efficient consensus solutions,
IT*, could also be obtained applying Consensus Generation Method
(CGM) to the efficient ensembles. In CGM, a consensus function, @(z, k),
is applied to map the solutions in an efficient subset r into a final
clustering solution =7 with the desired number of clusters, k. Fig. 1
presents the solution framework of our multi-objective approach.

3.1. Preprocessing algorithm (PPA)

Given a library of clustering solutions, PPA is developed to identify
“outliers” that are dissimilar to the remainder solutions. In order to
detect these clustering solutions that might mislead the ensemble se-
lection process, PPA uses an external cluster validation metric, Normal-
ized Mutual Information (NMI), that measures the mutual information
shared by two clustering solutions as given in Definition 1 (Strehl &
Ghosh, 2002).

Definition 1. Let IT = {x,..., 7} be a set of clustering solutions for
a set of N data points, X = {x;,x,,....xy}. A clustering solution,
7 = {Cf’, ...,C'} € I, partitions the data set into k; clusters, such
that X = Ul;':] C;" where C,' N C," = @,Yu # v. Then, the normalized
mutual information between two clusterings r;, 7, €1 is defined as:

k: k
Zu,=1 UJ= )

ki @) ne koG oo
\/<2u=l n’ log N v=1"0 log N
)

where n”) and nY’ represent the number of data points in cluster C.’
and cluster C,’, respectively. Similarly, n,, denotes the number of data
points that are in cluster u according to x; as well as in cluster v
according to z;.

N1y,
AT A0

L Maw log( o

NMI(ﬂl-,zrj) =
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Using Definition 1, we measure the similarity between two cluster-
ing solutions, z; and z;, by the normalized mutual information shared.
Note that N M I(x;, z;) takes the value of 1 when r; and #; are identical
solutions.

In order to measure how a clustering solution is similar to other
clusterings in the library, we next define a measure of agreement that is
calculated for each solution based on its pairwise similarity values with
the rest of the solutions.

Definition 2. Let IT = {x,,..., 7} be a set of clustering solutions. The
agreement of x; € IT with the rest of solutions in IT is denoted by «;
and quantified based on pairwise similarity values:

sz#,en NMI(n,-,irj)
K; =
L-1
Since PPA aims to identify outlier solutions in the initial library based

on agreement values, we use standardized agreement values to make
them comparable for different data sets:

(2

_Ki_ﬂl(

Z ()]

K O-K-
where y, and o, are mean and standard deviation values of «;, i =
1,..., L.

As a rule of thumb, data points that lie beyond +3 standard de-
viations from the mean signals anomaly in data collection if data
is either normally distributed or the Central Limit Theorem (CLT) is
applicable (Hines, Montgomery, & Borror, 2008). Exploiting the rule of
thumb, we define clustering solutions that are having agreement values
less than three standard deviations of the mean as outlier solutions.
However, the solutions that are in agreement with the library more than
three standard deviations of the mean are not considered as outliers as
they represent the library well. In each iteration, PPA checks whether
there exists any outlier solution. If the number of solutions in the library
is greater than 30, for CLT to be applicable, the solution having the
least agreement with the rest of the library is eliminated. PPA then
recalculates the agreement values and repeats the process until no other
solution is considered as outlier. Algorithm 1 presents the steps of PPA.

Algorithm 1: Preprocessing Algorithm (PPA)

Input: I7

Output: p

Initialize p = IT

foreach solution r; € p do
‘ Calculate z,

end

Find z;« =

j+ = argmin Z,.

TEp
while Z. <-3 and |p| > 30 do
Update p < p\ {7}
foreach solution r; € p do
| Calculate Z,,

end
Find 7;. = argmin Z,,
T€p
end
return p

3.2. Ensemble selection method: Representative clusterings algorithm (RCA)

Aiming to select good cluster ensembles that represent the prepro-
cessed library well, we adapt the measures proposed by Sayin (2000)
and develop a multi-objective optimization algorithm, RCA. Given a
set of clustering solutions, p, we next discuss how RCA measures the
quality, diversity, and size of a representative ensemble, = C p.
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Definition 3. Let p be a set of clustering solutions and = C p denote a
representative ensemble. Then, #;, € 7 is said to be representative of
mepifz;, = argmax, . NMI(x;, 7)) and the representation error of
«; is measured by g, =1- NMI(x;, x;,).

Definition 4. Let p be a set of clustering solutions and = C p denote a
representative ensemble. Then, the coverage gap value of 7 is denoted
by a,, determined by the representation error of the worst represented
clustering solution in p:

4

a, =max fi.
T TEp ﬂn,

Since we use normalized mutual information values to measure the
quality of a representative ensemble, its coverage gap, «,, takes a value
between 0 and 1. The best quality level, a, = 0, is achieved when all
clustering solutions are involved in the representative ensemble, 7 = p.
We next define a metric to measure how diverse the clustering solutions
are in the representative ensemble.

Definition 5. Let p be a set of clustering solutions and = C p denote
a representative ensemble. The diversity of r is denoted by y, and
determined by the quantity:

Y = max NMI(x;,x;) 5)

75‘-,1!]-61
The best diversity value is obtained when the ensemble is composed of
the pair of most dissimilar solutions. Hence, the smaller y, value is, the
more diverse the representative ensemble is.
In order to produce a diverse but high quality set of efficient
ensembles that does not include any redundancies, RCA solves a three-
objective optimization problem:

[P]
“Min”z(t) = (2/(7), 25(2), 23(7))
subject to

(z(7), 25(7), 23(7)) = (@, ¥4, 17D
TCp

where © C p denotes a representative ensemble and z(r) is the corre-
sponding objective vector. |z| > 2 is assumed since the diversity metric
is not defined for |z| = 1. As the three objectives of [P] are known to
have different ranges, coverage gap, diversity, as well as size values are
normalized for each representative such that the best values take the
value of 0 and the worst values take the value of 1.

2 c

Definition 6. For any 7!, 22 C p, if z,(z') < z,(z?) holds for all
objectives p = 1,2,3 and z,(r!) < z,(r%) for at least one objective,
then 7! is said to dominate 2. If there does not exists any solution that
dominates 7!, then 7! is called an efficient ensemble and z(z') is said to

be a nondominated point.

Due to the multi-objective nature of [P], there does not exist a
unique representative ensemble that optimizes the three criteria simul-
taneously. In order to generate efficient ensembles (EEs), RCA fixes
the size of the representative ensemble at .S and reduces [P] to a bi-
objective optimization problem, [P(S)], for which all nondominated
points, z(r) € Z(SS), are iteratively generated using the modified epsilon
constraint method of Steuer (1986).

[P(S)]

“Min”z(t) = (z,(1), 25(7))
subject to

(21(2), 25(7), 23(2)) = (@, 7, |7])
Izl =S

TCp
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For any given S > 2 value, RCA solves [PRC4(S,y,,)] to generate
a representative ensemble, which minimizes the coverage gap of the
representative subset, a, while keeping the diversity at a certain level,
i.e. y < y,. It then systematically changes the upper bound on the
diversity measure, y,,, and generates new representative ensembles.
After all nondominated points of [P(S)] are found, RCA changes the
size of the representative subset, .S, and repeats the same process. The
representative ensembles generated throughout the process are kept
in a set, R. These ensembles are guaranteed to be nondominated in
terms of quality and diversity but not in terms of all the three criteria.
Therefore, RCA applies a nondominance check on R at the end of the
algorithm and efficient ensembles are involved in Ry ;. We next present
[PRCA(S, Yu)] and summarize the steps of RCA in Algorithm 2.

[PREAS, y,p)]

Minimize a+ey (6)
subject to;

2 vy =1 vriep (@]
riep

vij <) va',nl € p (8)
=S ©)
riep

a>y,; (1- NMI(z;,x)) val,nl €p (10)
riy < Vi Vool ep,i#j an
ry <Y Vool epi#j (12)
ry 2 vty =1 Va',al €p it 13
y 2r; NMI(z;, x)) V', xl €p,i# ] a4
Y < Vup as)
Yij»rij € {0, 1} vr'.nl €p (16)
a,y >0 a7z

The objective function (6) of [PRCA(S, Yup)] consists of two components.
While the coverage gap of the representative ensemble, a, is minimized
in the first part, the second part, &7, breaks the ties in favor of more
diverse representative ensembles using a sufficiently small positive
constant ¢, > 0. Therefore, it guarantees an efficient ensemble in terms
of quality and diversity measures for a given .S value.

In [PREA(S, 1)1, ,; takes the value of 1 if clustering solution #' is
represented by clustering solution z/ and 0 otherwise. Constraints (7)
ensure that each solution is represented by exactly one solution while
y;; is forced to take the value of 1 by constraints (8) if z/ is a rep-
resentative solution. Constraint (9) sets the number of representative
clustering solutions to S.

Since the coverage gap is measured by the maximum representation
error, constraints (10) ensure that « > (1 — NMI(x;,x;)) is satistied
if #' is represented by z/ (i.e. ¢ > Br,)- Otherwise, if y; = 0, the
corresponding constraint becomes redundant. Constraints (11)-(14) en-
sure that the diversity is measured by the maximum similarity between
representatives since r;; is forced to take value of 1 only when z' and #/
are both representative solutions. Constraint (15) sets an upper bound,
Yup» ON the diversity measure.

If [PRCA(S, vu)] is feasible, the point corresponding to the optimal
representative ensemble, TSy is denoted as 2(zs,,) = @5, Vs, S)
and included in R. In order to search for more diverse representative
ensembles at the same size, RCA updates the upper bound on the
diversity measure and solve [PRCA(S,y,,)] using 7,, = Ysy, — € Where
€ is a sufficiently small positive constant.

If there does not exist a representative ensemble with a size of §
satisfying the upper bound on the diversity measure, [PRCA(S,y,,)]
turns out to be infeasible. In this case, RCA stops changing 7,, and sets
the number of representatives in the ensemble to S — 1. For any .S > 2,
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RCA restarts the same process with y,;, = 1. The algorithm is terminated
when S =1 is achieved since the diversity metric is not measurable.

Algorithm 2: Representative Clusterings Algorithm (RCA)

Input: p, ¢, £,

Output: Rpp

Initialize ensemble size, .S = |p|, the set of efficient ensembles
R =0 and the set of ensembles generated throughout the
algorithm R = §.

while S > 2 do

Initialize y,, = 1

Solve [PRCA(S, )]

while a feasible solution exists do
Denote the point corresponding to the optimal
representative ensemble, Tg .0 A5
Z(TS,M) = (S, @S 1 ySvVub).
Update R < RU {7y, } and v, < v,
Solve [PRCA(S,y,,)]
end
Update S « S -1
end
Initialize Ry = R
foreach ¢ € R do
foreach z¢ € R do
if ¢ dominates 7° then
| Update Rpg < Rpg \ {7°}
end
end

— &

end
return Rpp

Proposition 1. Let [PRCA(S,y,,)] be feasible and 2(ts,,) = @y, Vs
) denote the point corresponding to the optimal representative ensemble,
Tsym If € > 0, then z(zg, ) is nondominated with respect to problem
[P(S)].

Proof. To get a contradiction, suppose that z(z, ) is dominated with
respect to problem [P(S)]. Then, by Definition 6, there should exist an
ensemble, 7/ C p, for which z(z') = (¢’,y’, S) € Z(S) dominates 2(zs,,,)-
Thus, one of the following conditions should be satisfied:

id<as, andy <yg,

sy ,
<
ii. o <ag,, and ¥’ <ys,,

Since ¢, > 0, any of these conditions implies o’ +¢,/’ <ag, +¢,75,
which is a contradiction to TS being optimal to [PRCA(S, yu)l. O

Proposition 2. Let 0 < ¢, < |%| and 0 < & < |y;—7,| for
p=

any 4,7 C p. For any given S € {2i3,e... ,|pl}, RCA then generates all
nondominated points of problem [ P(S)].

Proof. Let S € {2,3,...,|p|} and R(S) = {z!,72,...zE} be the set of
ensembles with size of S generated by RCA solving [PRCA(S, Yup)] SUCh
that z(z!) = z(zs,,.) = (S,a;, 1), 252 = 2(z5,,., ) = (S, @%.72),
2(73) = 2(Tgy,=pp—e) = (S, 03,73), and so on. Then, using Proposition 1,
any 7¢ € R(S) is nondominated with respect to [P(S)] satisfying «; <
a < - < ag and y; > y, > -+ > yp since the upper bound on the
diversity metric, y, is reduced systematically while coverage gap of the
representative ensemble, a, is minimized throughout the process.

In order to get a contradiction, suppose that there exists a nondom-
inated point of problem [P(S)] such that z(z¢) € Z(S) but z(z°) & R(S).
Since RCA starts solving [PRC4(S,y,,)] with y,, = 1 and continues the
process by reducing y,, until it becomes infeasible, there should exist
74,79%1 € R(S) for some 1 < d < E such that a; < a, < a,,, and
Ya > V. > V441 hold. Then, z¢ is feasible to [PRCA(S, Yup = Ya — €]



D. Aktas et al.

since 0 < ¢ < y; — 7, by definition, hence y, < y; — . In addition,

A +E,7, < @gy; +€,7gy I8 satisfied since 0 < g, < % Then, this is
e~ Vd+1

a contradiction to z9*! being optimal to [PRCA(S,y, =7, —e)]. O

Proposition 3. RCA generates all nondominated points of problem [P].

Proof. Suppose that z(r) = (S,a,,7,) € Z is a nondominated point
to [P] but = ¢ R(S). Then, by Proposition 2, there should exist an
ensemble 7¢ € R(S) with a size of .S that dominates r with respect
to problem [P(S)] and one of the following conditions will hold.

i. @, <a,andy, <y,

ii. @, <a,and y, <y,

Any of these conditions imply that z(r) = (S,qa,,7,) is dominated by
z(z°) = (S, a,,7,). This is a contradiction to z(r) being a nondominated
point. []

Proposition 3 shows that RCA generates all nondominated points
of problem [P] but not all points generated by RCA are nondominated
with respect to [P]. This is because RCA fixes the size of the ensembles
and generates all nondominated points with respect to the quality and
diversity metrics. If there are cases for which decreasing the size of an
ensemble does not result in a deterioration in the quality or diversity of
the ensemble, then the resulting ensemble will dominate the ensemble.
This is why RCA conducts a nondominance check at the end of the
process.

3.3. Consensus Generation Method (CGM)

RCA generates efficient ensembles, subsets of clustering solutions,
which represent the preprocessed library well with respect to the
coverage gap, diversity and cardinality measures. In this section, we
develop three methods to generate a consensus clustering solution.
While the first method is purely based on RCA and utilizes a consensus
function to find a single clustering solution for each efficient ensemble,
the second and third methods do not necessitate finding all efficient
solutions. The second method generates a compromise EE to problem
[P] and applies a consensus function on the compromise EE whereas
the third method finds the clustering solution that best represents the
library well.

3.3.1. Method 1 - A Consensus Generation Method using RCA (CGM-RCA)

Our first method, CGM-RCA, takes the set of EEs produced by RCA,
Rpg, and the number of clusters, k*, as an input and generates an
efficient consensus solution (ECS) for each ¢ € Rpy. CGM-RCA uses a
graph-based consensus function, Hybrid Bipartite Graph Formulation
(HBGF) of Fern and Brodley (2004), to combine the clustering solutions
in 7¢ into a single clustering solution, ¢ = ®(z¢, k*). While most of
the graph-based approaches either focus on the relation between data
points or between clusters, HBGF makes use of both associations in the
graph representation and it is proven to work well.

3.3.2. Method 2 - A Consensus Generation Method using Compromise
Programming (CGM-CP)

RCA produces a set of cluster ensembles since there does not exist a
single subset of clustering solutions optimizing quality, diversity and
the cardinality simultaneously. The best output would be the ideal
point, 7/, which is composed of the best possible values for each crite-
rion, i.e. (z,(z1), zy(z!), z3(z1)) = (0,0,0) but it is not possible to obtain
under conflicting objectives. Therefore, instead of generating all EEs,
CGM-CP uses 7! as a reference point and solves [PCGM—CP] i order to
find a compromise ensemble z* = min,c, Max,_; 3 Ap(zp(r)—zp(fl)) that
minimizes a weighted Tchebycheff distance from =/ (Ehrgott, 2005).
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[PCGM—CP]

Minimize D (18)

subject to;

z vy =1 vzl ep 19
riep

Yij < Vjj val,xl € 20
=S (21)
riep

S>2 (22
a>y,; (1= NMI(x,x)) va',zl € p 23)
r < Vi Vool epi#j 24)
r; <Y Vool epi#j (25)
riy 2 Yty =1 Vi, al €pi#j (26)
y 2r; NMI(z, x)) V', xl €p,i# ] 27)
D> ia 28)
D> Ay (29)
D> 138 (30)
yijrij €{0,1} Va7 €p (3D
S,a,7 20 (32)

In [PCOM=CP1 } = (4,4, 4;) represent the weight vector that
is used to scale the three criteria such that all criteria will take a
value between [0,1]. Constraints (28)—(30) are included to measure
the weighted Tchebycheff distance, D, from the scaled ideal point
7! =(0,0,0). The efficient ensemble which is optimal to [PCCM—CP] is
denoted as z*. CGM-CP then uses HBGF of Fern and Brodley (2004) and
applies its consensus function, @(z*, k*), to combine all clustering solu-
tions in z* into a single clustering solution, 7. ;« where k* represents
the desired number of clusters.

3.3.3. Method 3: A Consensus Generation Method using a specialized
version of RCA (CGM-sRCA)

For any given .S > 2 value, RCA solves a bi-objective optimization
problem and generates a number of clustering ensembles that mini-
mizes coverage gap as well as diversity measure. However, the problem
reduces to a single objective optimization problem when S = 1 since the
diversity measure is not applicable. Therefore, our third method con-
siders this special case and generates a consensus solution by solving
7" = argmin, o, max, c,(1 - NMI(x;, x;)). That is, since the size of the
clustering ensemble is set to 1, CGM-sRCA finds the clustering solution
in the preprocessed library, z* € p, which best represents the other
solutions in the ensemble by minimizing the coverage gap, a. Different
from existing approaches, the process does not utilize a consensus
function and any other external input in combining the clusterings into
a single solution as CGM-sRCA also serves as a consensus function and
a method for estimating the number of clusters, k*.

4. Computational experiments

In this section, we first apply our algorithms on three small bench-
mark data sets (Iris, Wine, Glass) to evaluate the impact of our pre-
processing algorithm, PPA, and to test the performance of our ensem-
ble selection and consensus generation methods, CGM-RCA, CGM-CP,
CGM-sRCA. We then apply one of our methods, CGM-CP, which is
capable of generating a single efficient consensus solution that perform
well on each criterion, to five larger benchmark data sets (Ecoli, Breast
Cancer, Vehicle Silhouette, Segmentation (Image Segmentation), Satim-
age (Statlog)). We evaluate the overall performance of the proposed
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algorithms and compare its performance with the full-ensemble as well
as other state-of-the-art ensemble selection methods. Lastly, we test
the CGM-CP on a real-life sized data set (KDD99CUP) and compare
its performance with that of the full-ensemble consensus solution. All
data sets are obtained from UCI Machine Learning Repository (Kelly,
Longjohn, & Nottingham, 2023). Table 1 presents the number of data
points, features, and true class labels in the benchmark data sets.

4.1. Initial library generation

In our computational experiments, we create the initial library of
clustering solutions using repeated runs of k-means algorithm because
of its simplicity, computational efficiency and performance on large
data sets (Akbari et al., 2015; Alizadeh et al., 2014; Azimi & Fern, 2009;
Fern & Lin, 2008; Naldi et al., 2013; Pividori, Stegmayer, & Milone,
2016; Yang et al., 2017). The k-means algorithm iteratively constructs
clusters by defining a centroid for each cluster and assigning each data
point to the nearest centroid. The algorithm calculates the distance
between each data point and its cluster center and aims at minimizing
total distance. It starts with randomly selected k cluster centroids and
relocates their positions to improve total distance. It stops when it
converges to a solution where the centroids no longer move (MacQueen
et al.,, 1967). We generate the initial library by carrying out the
algorithm for all k values from 2 to \/ﬁ as a rule of thumb (Fred &
Jain, 2002). Because of the randomness in the positioning of the initial
centroids, we replicate the process five times for each k value and
eliminate identical clustering solutions, if any (Boongoen & lam-On,
2018; Nguyen & Caruana, 2007).

4.2. Evaluating clustering solutions

In order to evaluate the performance of our methods and compare
the output with respect to the initial ensemble, we utilize both internal
and external cluster validity metrics (Liu, Li, Xiong, Gao, & Wu, 2010).
While NMI is used as an external validation metric to measure the
extent to which cluster labels match the true labels, internal validation
measures including Davies-Bouldin Index (Davies & Bouldin, 1979),
Silhouette Index (Rousseeuw, 1987), and Dunn’s Index (Dunn, 1974)
are used to evaluate how well the clustering solution fits the data
without reference to external information. We next define the measures
we use to evaluate the performance of our clustering solutions.

Definition 7. Let = € IT be a clustering solution for data points in X
and z'" be the true clustering. Then, accuracy of = with respect to z'"¢
is given by the following expression:

v, = NMI(z,z'"™) (33)

Please note that y values close to 1 are desired so as to have a better
match with the true clustering solution.

Definition 8. Let = = {C7, ... ,C,f } € IT be a clustering solution for a
set of N data points X = {x,x,,...,xy} that partitions the data set
into k clusters, such that X = U:;l C* where C;' N C;' = @,Yu # v.
Then, Davies—Bouldin Index of a clustering solution r is calculated as
follows:

1 K ,,L(Zxaeqf d(x,, 1)) + ,,L(Zxaecf d(x,, 1))
DBI, = 7 2 max - -

34)
& vt d(py, 1y)

where n, represents the number of data points in cluster C7, y, denotes
the cluster center and d(.,.) is the distance measure.

For each cluster u, DBI finds the most similar cluster v measuring
the separation between the clusters and the similarity within the clus-
ters. The lower the value, the better separation of the clusters and the
compactness within the cluster.
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Table 1
Properties of benchmark data sets.

Data set # of data points (n) # of features (f) # of true labels (k)
Iris 150 4 3

Wine 178 13 3

Glass 214 10 6

Ecoli 336 7 8

Breast Cancer 683 9 2

Vehicle Silhouette 946 18 4

Segmentation 2310 19 7

Satimage 6435 36 7

KDD99CUP 494,021 41 23

Definition 9. Let 7 = {Cf s Cry e 1 be a clustering solution for
X = {x;,x;,...,xy} where x, € X is assigned to cluster C/. Then,

Silhouette Index of z is given by the following expression:

* (x,)
51, = Zrex 0 35)
N
where
1—a(x,)/b(x,) if a(x,) < b(x,)
s(x,) =4 0 if a(x,) = b(x,) (36)
b(x,)/a(x,) —1 if a(x,) > b(x,)
zwaC,f,xw#xo d(x,, %)
a(x,) = Cr=1 (37)
. meeCl’,’ d(x,, %)
b(x,) = o R { — o o (38)

In Definition 9, a(x,) is the average distance between data point x,
and the other data points in the same cluster, CJ, while b(x,) is the
minimum average distance between x, and all the data points in the
other clusters, C v # u. Therefore, SI, measures how similar a data
point is to the other data points in its cluster compared to the data
points in the other clusters and defines a silhouette value for each data
point. The higher the ST value, the better the match between the data
point and its cluster.

Definition 10. Let = = {C7, ... ,C]f } € IT be a clustering solution for a
set of N data points X = {x,,x,,...,xy }. Dunn’s Index of z is calculated
as follows:

man(u,v):u;Ev {manXUGC,f,meECl’,' d(xo’ xw)}
DI, =

T

(39)

maxu:l,m,k {max\ix,,,xmeC,f d(xa! xw)}
For a clustering solution, DI metric measures the ratio between:

- the minimum (the worst) inter-cluster distance, i.e. the minimal
distance between any two clusters

- the maximum (the worst) intra-cluster distance, i.e. the maximal
distance between any two objects in the same cluster

Since the aim in clustering algorithms is to identify sets of clusters that
are compact but well-separated, a higher DI value indicates a better
clustering.

4.3. Estimating the number of clusters

In consensus generation process, the desired number of clusters is
required as an input if a consensus function is to be used. However,
most of the time this information is not available for unsupervised
learning methods and the number of clusters varies between 2 and VN
in the initial library. Therefore, we evaluate the performance of our
methods assuming the true number of clusters, k, is not known to the
analyst a priori.



D. Aktas et al.

European Journal of Operational Research 314 (2024) 1065-1077

Table 2
Average initial and preprocessed library characteristics.”
Data set Library Size K Kavg Knax Wi Waug Yinax DBI,, STy, DI,
Iris n 52 0.55 0.75 0.80 0.58 0.66 0.76 0.98 0.52 0.08
P 37 0.61 0.75 0.80 0.59 0.67 0.76 0.95 0.55 0.08
Wine n 52 0.51 0.77 0.81 0.34 0.37 0.44 0.57 0.68 0.03
P 30 0.54 0.76 0.80 0.36 0.38 0.44 0.55 0.69 0.03
Glass n 64 0.41 0.68 0.74 0.20 0.38 0.45 1.09 0.41 0.04
P 33 0.47 0.68 0.75 0.21 0.36 0.45 1.09 0.48 0.04
@ The values over 10 libraries are reported per cell.
Table 3
Performance results on data sets.
Iris Wine Glass
DBI ST D1 174 DBI ST D1 174 DBI ST D1 174
True Clustering 0.75 0.66 0.06 1.00 1.52 0.25 0.01 1.00 3.74 —-0.25 0.02 1.00
LibraryBest™! 0.71 0.71 0.11 0.76 0.49 0.80 0.02 0.44 1.00 0.55 0.07 0.45
FullEnsemble®¢ 0.50 0.79 0.27 0.76 0.76 0.60 0.04 0.41 1.09 0.55 0.04 0.33
CGM-RCA® 0.66 0.74 0.10 0.76 0.53 0.73 0.02 0.43 1.02 0.56 0.04 0.39
CGM-CP! 0.79 0.67 0.10 0.72 0.50 0.81 0.03 0.43 1.05 0.59 0.05 0.36
CGM-sRCA! 0.90 0.57 0.06 0.67 0.53 0.72 0.03 0.38 0.99 0.61 0.05 0.38

2 The values are reported for the clustering solution with the maximum accuracy, y, in the initial library, |I1].

b The full-ensemble solution is obtained by applying the consensus function to the initial library, ®(IT, k*).

¢ The values over 30, 31, 34 efficient consensus solutions are reported for Iris, Wine, and Glass data sets, respectively.

d The values over 10 libraries are reported.

As generating efficient consensus solutions using CGM-RCA and
CGM-CP requires the number of clusters as an input, we find an esti-
mate, k*, using a combination of clustering validity indices to capture
different aspects of clustering solutions in the ensemble as suggested
in Kryszczuk and Hurley (2010). We first generate a compromise
efficient ensemble using CGM-CP, then for the given cluster ensemble
7 C p, we find the clustering solution, # € z, that maximizes a linear
combination of the internal validation measures,

# =argmax SI, + DI, — DBI, (40)

TET
where all indices are normalized to the range of [0, 1]. Since higher
values of ST and DI but lower values of DBI are desired to have a
more compact and well-separated clustering, we set the value of k*
based on this clustering solution, i.e. k* = k7.

4.4. Results

In this section, we first present the results on Iris, Wine and Glass
data sets and evaluate the contribution of our preprocessing algorithm,
PPA, and ensemble selection methods, CGM-RCA, CGM-CP and CGM-
sRCA, to the consensus generation process. As CGM-CP is designed as
a practical tool to generate a compromise solution, we then evaluate
the performance of CGM-CP on larger data sets, Ecoli, Breast Cancer
and Vehicle data sets, and compare its performance against those of
the state-of-the-art ensemble selection methods.

4.4.1. Experiments with Iris, Wine and Glass data sets

Aiming to evaluate the contribution of PPA to the consensus gener-
ation process, we perform experiments with Iris, Wine and Glass data
sets and compare the initial and preprocessed library characteristics
which are presented in Table 2. The results show that PPA improves
minimum agreement levels, k,,,, hence works well in detecting the
outlier solutions. In addition, PPA yields better average DBI and
average ST values in all data sets whereas DI values stay the same.
Therefore, overall performance of the clustering solutions improve in
terms of the internal measures. The results in Table 2 also show that
the minimum accuracy, y,,;,, is improved by PPA while y,,,. values
remain the same. This implies that PPA eliminates the worst-performing
clustering solutions while keeping the solutions with high accuracy.
The average accuracy value, y,,,, also improves for Iris and Wine data
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sets, whereas y,,,, decreases for Glass data set. This is because finding
true partitioning using internal measures is hard for the Glass data set
where the clusters are not easily separable and the true number of
clusters is relatively higher compared to the other data sets as shown
in Fig. 2.

We also test the performance of our ensemble selection and con-
sensus generation algorithms on Iris, Wine and Glass data sets for each
of which the results are presented in Table 3. In order to assess how
well their resulting clustering solutions are, we compare their cluster
validity indices against those of the best-performing clustering solution
in the initial library (LibraryBest) as well as the full-ensemble solution
which is obtained by applying the consensus function to the initial
library (FullEnsemble). Table 3 shows that CGM-RCA generates on
average the most accurate solutions among the three methods for all
three data sets. Furthermore, consensus solutions produced by CGM-
RCA are at least as good as the full ensemble solutions for all three
benchmark data sets. This is particularly important as it demonstrates
the contribution of our ensemble selection method. The overall per-
formance of CGM-CP is also promising in terms internal and external
cluster validity indices considering that it does not necessitate the
generation of all efficient ensembles as in CGM-RCA. It could not
converge to the most accurate solutions in the library but it yields
more accurate solutions than the full-ensemble solution for Wine and
Glass data sets while generating only a compromise efficient ensemble.
When compared to CGM-RCA and CGM-CP, CGM-sRCA demonstrates a
moderate performance but it has the unique capability of consolidating
the set of clustering solutions into a single solution without selecting a
cluster ensemble. That is, it serves as a novel consensus function, which
does not require an estimate on the number of clusters.

In Fig. 2, we illustrate examples of consensus solutions produced
by CGM-RCA, CGM-CP, and CGM-sRCA as well as the true clustering
solutions in two dimensions using Principal Component Analysis (PCA).
They correspond to the average-performing solutions for which the
accuracy values are 0.70, 0.40, and 0.39 for Iris, Wine and Glass data
sets, respectively. Fig. 2 shows that the final clusters generated by CGM-
RCA and CGM-CP are more compact and separate compared to those
obtained by CGM-sRCA for all benchmark data sets. However, CGM-
sRCA provides more promising results for Glass data set where the true
clusters are less compact and separate than the true clusters for Wine
and Glass data sets.
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Fig. 2. Distribution of data points on the respective two principal components after PCA.

In addition to the average-performing clustering solutions, we also
present the most accurate efficient consensus solutions obtained by
any of the proposed methods in Fig. 3. The accuracy values of these
solutions are 0.81, 0.44, and 0.43 for Iris, Wine and Glass data sets
while the estimated number of clusters are 3, 2, and 6, respectively. The
most accurate solutions for all three benchmark data sets are obtained
by CGM-CP. CGM-CP is also able to identify the true number of clusters
for Iris and Glass data sets while it estimates 2 clusters for Wine data
set for which the true number of clusters is 3.

While CGM-RCA generates all efficient ensembles with respect to
the multiple criteria, which is helpful to characterize the trade-offs in
between, CGM-CP serves as a practical and effective tool to generate
a compromise efficient solution. As there does not exist any other
algorithm which is capable of finding all efficient ensembles as in CGM-
RCA and the most accurate solutions for Iris, Wine, and Glass data
sets are found by CGM-CP in our experiments, we conduct further
experiments using CGM-CP on larger data sets and compare our results
with other state of the art ensemble selection methods in the following
section.
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4.4.2. Experiments with Ecoli, Breast Cancer, Vehicle Silhouette, Segmen-
tation, and Satimage data sets

In this section, in addition to the Iris, Wine, and Glass data sets,
CGM-CP is applied to five larger data sets: Ecoli, Breast Cancer, Vehicle
Silhouette, Segmentation and Satimage from the UCI Machine Learning
Repository (Kelly et al., 2023). The experiments are conducted on these
data sets so that the accuracy of the final consensus solutions can be
compared against the following state-of-the-art cluster ensemble selec-
tion methods: Cluster and Select (CAS) (Fern & Lin, 2008), Adaptive
Cluster Ensemble Selection (ACES) (Azimi & Fern, 2009), Hierarchical
Cluster Ensemble Selection (HCES) (Akbari et al., 2015).

Similar to the previous experiments on Iris, Wine, and Glass data
sets, an initial library of clustering solutions is generated by five
repeated runs of k-means algorithm, where k values range between 2
and \/ﬁ . Then, PPA is applied to eliminate the outlier solutions from
the initial library and CGM-CP is applied to the preprocessed library to
generate a compromise consensus solution.

Table 4 presents the accuracy values of the final consensus solutions
generated by the full-ensemble and the compromise consensus solution
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Fig. 3. Distribution of data points according to the most accurate solutions obtained by CGM-CP.

Table 4
Comparison of accuracy (y) values.
Full ensemble®” CGM-CP" Full ensemble® HCES® Full ensemble? ACES! Full ensemble’ CAS¢

Iris 0.761 0.761 0.919 0.919 0.744 0.744 0.744 0.613
Wine 0.411 0.433 0.313 0.478 0.474 0.680 0.474 0.612
Glass 0.410 0.410 0.386 0.402 0.269 0.269 0.269 0.301
Ecoli 0.695 0.649 0.513 0.536 - - - -
Breast Cancer 0.492 0.493 0.435 0.485 - - - -
Vehicle Silhouette 0.203 0.226 - - 0.146 0.146 0.146 0.122
Segmentation 0.569 0.584 - - 0.406 0.406 0.406 0.550
Satimage 0.543 0.546 0.426 0.565 - - - -

a The full-ensemble solution is obtained by applying the consensus function to the initial library.

b The values for a single replication are reported.

As reported in Akbari et al. (2015).
As reported in Azimi and Fern (2009).

c

d

obtained by CGM-CP. For CAS and ACES, the corresponding accuracy
values are obtained from the work of Azimi and Fern (2009) where the
authors compare the performance of ACES with their implementation
of CAS, and for HCES, the accuracy values are obtained from the work
of Akbari et al. (2015).

According to the results presented in Table 4, when the performance
of CGM-CP is compared with the performance of the full-ensemble, it is
observed that except for Ecoli data set, CGM-CP produces a compromise
consensus solution that is at least as good as the one of the full-
ensemble for all the other data sets. CGM-CP also provides one of the
most accurate solutions for Glass, Breast Cancer, Vehicle Silhouette and
Segmentation data sets, where the difference between the full-ensemble
and CGM-CP is very small for Glass and Breast Cancer.

The consensus solutions obtained by HCES are at least as good
as the one of its full-ensemble and outperforms the other ensemble
selection methods on Iris and Satimage data sets. For Iris data set,
the final consensus solution obtained by HCES has a superior accuracy
compared to all three other methods. However, it should be noted that
the consensus solution obtained by the full-ensemble for Iris in HCES
experiments has already a high accuracy value. This means that the
superior performance of HCES for Iris can also be due to its library
generation and consensus generation steps. Similarly, the full-ensemble
consensus generated for Ecoli in CGM-CP has the highest accuracy
value and it can also be due to the library generation or the consensus
generation methods.

When CAS is considered, the performance of the final consensus
solutions over the full-ensemble is improved for Wine, Glass, and
Segmentation data sets. Yet, for none of these data sets, CAS provides
the most accurate solutions.

Unlike CAS and HCES, ACES focuses only on the diversity of the
ensembles by proposing the full-ensemble for stable data sets and a
high diversity subset of solutions for non-stable data sets. Among the
experimented data sets, only Wine is recognized as non-stable and thus
a different subset of ensemble than the full-ensemble is proposed by
ACES. It should be noted that ACES improves the performance of the
final consensus solution significantly for Wine data set compared to its
full-ensemble and provides the most accurate solution. However, it does
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not provide the most accurate solutions for the other experimented data
sets.

4.4.3. Experiments with KDD Cup 1999 Data

In order to illustrate the scalability of our approach, further exper-
iments have been carried out on a data set called KDD Cup 1999 Data
(KDDCUP99). While only 10% of this data set is used, it remains as a
significantly large data set with 494,021 data points of 41 dimensions
belonging to 23 classes (Stolfo & Lee, 1999). This data set has been used
for the purpose of training supervised learning algorithms, which are
capable of differentiating bad connections (i.e. intrusions or attacks)
from legitimate connections on a computer network. Due to the large
amount of data points, we have generated an initial library of 245
clustering solutions by applying the k-means algorithm for all k values
between 2 and 50 and replicating this process five times.

The structure of the KDDCUP99 data set is highly unbalanced with
more than 98% of the data points belonging to only three classes
while hyper-graph based consensus functions usually perform better
for nearly balanced clusters (Golalipour et al., 2021; Topchy, Jain, &
Punch, 2004). Therefore, we have applied two different consensus func-
tions provided by the machine learning package in Python (Pedregosa
et al., 2011), HBGF of Fern and Brodley (2004) and meta-clustering
algorithm (MCLA) of Strehl and Ghosh (2002). In Table 5, we report
the accuracy values of the final consensus solutions obtained by CGM-
CP and the full ensemble solution. While the final consensus solution
obtained by the full ensemble with HBGF performs slightly better than
the one of CGM-CP, CGM-CP with MCLA improves the cluster ensemble
performance and produces a compromise consensus solution that is
about 2.5% more accurate than the full-ensemble solution.

5. An application to the customer segmentation problem

Customer segmentation is the process of dividing customers in a
given market into homogeneous groups, based on their shared char-
acteristics or preferences with the purpose of improving the efficiency
of the marketing strategies. This process also helps retailers understand
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Table 5
Comparison of accuracy (y) values for KDDCUP99.

Consensus function Full ensemble®” CGM-CP"
HBGF 0.560 0.546
MCLA 0.744 0.763

2 The full-ensemble solutions are obtained by applying the consensus functions to the
initial library.
b The values for a single replication are reported.

the heterogeneity in consumer preferences and tailor their assortments
to specific consumer segments (Smith, 2009).

Santi, Aloise, and Blanchard (2016) develop a model for hetero-
geneous clustering problem (HCP) where the aim is to partition the
individuals/customers into groups with similar preference structures
and to come up with a consensus clustering solution for each group.
The authors apply their algorithm on a real-life application problem,
which aims to understand differences in the perceptions of assortments
of chocolate candy. They collect data from 189 graduate students
through an online sorting study where each participant is asked to
partition 20 different chocolate candies into piles using as many piles
as they want. The chocolate candies in each pile is considered as similar
according to their own perception. In order to segment these customers
and their clusterings, Santi et al. (2016) turn the pile information
of clusters provided by each individual into a dissimilarity/distance
matrix using the procedure of Takane (1980). This distance matrix is
then used to assign customers/clusterings to g number of groups and
simultaneously find a consensus clustering solution for each customer
segment to minimize the sum of dissimilarities between each object and
its assigned median, conditional on the group membership. By using the
traditional ‘elbow in the curve’ method, Santi et al. (2016) come up
with the best number of groups as g = 2, which means the customers
are segmented in two groups (Experts and Novices) where a consensus
partitioning of the chocolate candies found for each group separately.

We model this problem as a multi-objective ensemble selection
problem where the partitions made by each customer are considered as
the initial library of clustering solutions. We then apply our algorithms
to find a customer segmentation as well as a consensus clustering
solution for each customer segment. After identifying/removing the
outlier customers’ solutions using PPA, CGM-CP is applied to the pre-
processed library and an efficient ensemble of customers representing
all customers well in terms of quality, diversity and size criteria is
produced. The size of this efficient ensemble determines the number
of customer segments, g, while clustering solutions in the efficient en-
semble correspond to the representative clusterings/customers of each
segment. Instead of combining these ensemble members into a single
consolidated clustering solution, we consider these representatives as
the consensus solutions for each customer segment as in Santi et al.
(2016).

Since Santi et al. (2016) propose to group customers into two
groups: Novices and Experts, we apply CGM-CP with s = 2, as well.
Table 6 presents the results when the customers are segmented in
two groups with CGM-CP and HCP as well as the consensus solutions
obtained by HCP according to Santi et al. (2016). When the quality
and diversity measures are considered only, it is observed that CGM-
CP finds a much better set of representative/consensus solutions than
the consensus solutions found by HCP, with respect to both criteria.
This is rather expected as the objective of HCP is not exactly the same
as the quality and diversity metrics used in CGM-CP. Therefore, to be
able to make a fair comparison for the representation capabilities of
the solutions obtained by both methods, we also measure the intra-
cluster similarity between a representative/consensus solution and the
customers it represents by the normalized mutual information (NMI).
For each group, we report the minimum, average, and maximum
intra-cluster similarity values between the representative/consensus
and the customers in the same group. Lastly, we report the overall

1075

European Journal of Operational Research 314 (2024) 1065-1077

average of the NMI values between all customers and their repre-
sentative/consensus clustering solutions. The results show that the
customers share overall more mutual information with the represen-
tative/consensus solutions found by CGM-CP with s = 2 compared to
the consensus solutions obtained by HCP with g = 2.

6. Conclusions

This paper develops a multi-objective optimization-based approach
to the cluster ensemble selection problem and designs a solution frame-
work to find a consensus clustering solution without knowing the
true number of clusters a priori. Given an initial library of clustering
solutions, the framework starts with the application of a preprocess-
ing algorithm, PPA, that eliminates outlier solutions to obtain more
reliable ensembles and thus more accurate and robust consensus so-
lutions. Then, a multi-objective optimization model is developed to
find efficient subsets of clustering solutions that represent the prepro-
cessed library well in terms of size, quality, and diversity measures.
Lastly, the clustering solutions in the efficient representative ensemble
are combined into a single consensus solution. To the best of our
knowledge, this is the first study that develops and applies exact
multi-objective optimization techniques to the ensemble selection and
consensus generation problems.

Our first method, CGM-RCA, is designed to generate all efficient
representative ensembles and find efficient consensus solutions for
each representative ensemble while CGM-CP only finds a compromise
efficient ensemble for the multi-objective ensemble selection problem.
Both CGM-RCA and CGM-CP use the estimated number of clusters and
then utilize a consensus function to combine the clusterings in the
ensemble into a single consensus solution. Our third method, CGM-
sRCA, introduces a novel consensus generation method that finds the
clustering solution that best represents the clusterings in the prepro-
cessed library. That is, CGM-sRCA does not apply a consensus function
hence does not necessitate the estimation of the true number of clusters.
Our experimental results show that selecting representative ensembles
using multi-objective optimization methods improve the cluster en-
semble performance as they help the analyst select a representative
library of clustering solutions, producing better consensus solutions
when compared to full-ensemble solution. Although CGM-sRCA shows
a moderate performance in terms of accuracy when compared to CGM-
RCA and CGM-CP, it also serves as a practical tool for selecting a
representative ensemble and finding a consensus solution.

We conduct experiments on different-sized data sets on which we
evaluate the contribution of our preprocessing and ensemble selection
strategies. Since there does not exist any other algorithm that guar-
antees finding efficient consensus solutions with respect to multiple
criteria, we compare the performance of CGM-CP against those of ex-
isting algorithms and show that it produces promising results. We also
apply our algorithm on a customer segmentation problem to show its
practical contribution. Our results show that utilizing multi-objective
optimization methods in cluster ensembles helps to produce better
performing consensus solutions and preference-based cluster ensembles
in practical applications.

Overall, the approach proposed in this paper provides not only a
multi-objective cluster ensemble selection approach but also a method
to find a set of efficient representative solutions. As a future research,
a rule-based approach utilizing the characteristics of the data set in
the efficient ensemble generation process could be studied. Moreover,
an interactive multi-objective optimization approach can be designed
to incorporate the preferences of the decision-makers (DMs) into the
ensemble selection and consensus generation process. By eliciting the
preference information from the DMs, weights or aspiration levels could
be attached to the criteria used in ensemble selection problem. Another
next step could be performing a case study where the multi-objective
cluster ensemble selection approach is applied to a large scale real-life
instance.
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Table 6
Chocolate candy application: Customer segmentation results for two groups.
CGM-CP (s = 2) HCP (g = 2)
. . Coverage gap, «, 0.58 0.78
a T
Ensemble/representatives (z) selection Diversity, 7, 0.59 0.62
Min. NMI 0.49 0.29
Group 1 Avg. NMI 0.56 0.56
Max. NMI 0.74 0.76
ionb

Customer segmentation Min. NMI 0.42 0.22
Group 2 Avg. NMI 0.64 0.54
Max. NMI 0.87 0.79
Overall Avg. NMI 0.60 0.54

@ The smaller coverage gap «, values indicate better quality in representation. The smaller y, value is, the more diverse the representative ensemble is.

b For each customer segment, minimum, average and maximum intra-cluster similarity values are reported using Normalized Mutual Information (NMI) between its

representative/consensus clustering and clusterings of the customers it represents.
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