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Abstract
Forp,q,r,s,t € Z* with rt < p and st < g, let G=Glp,q;r,s;t) be the bipartite graph
with partite sets U= {uy,...,up} and V = {vy,...,v4} such that any two edges u; and v;

are not adjacent if and only if there exists a positive integer k with 1 < k <t such that
(k=Tr+1<i<krand(k-1)s+1<j<ks. Under these circumstances, Chen et al.
(Linear Algebra Appl. 432:606-614, 2010) presented the following conjecture:

Assumethatp < g, k<p, |U =p, |V| =g and |E(G)| = pg — k. Then whether it is true
that

pq -k ++/p2q? — 6pgk + 4pk + 4gk? - 3k?
> :

A1(G) = M (Glp,g:k 1)) =\/

In this paper, we prove this conjecture for the range min,, ey {degv,} < L%J.
MSC: 05C05; 05C50
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1 Introduction
Let G be a (simple) graph with the vertex and edge sets given by V(G) = {vy,v,,...,v,} and
E(G) = {v;vj | v and v; are adjacent}, respectively. The adjacency matrix of G on n vertices

is an # x n matrix A(G) whose entries a;; are given by

1; if Vivj (S] E(G),
ﬂ'j =
l 0; otherwise.

Since A(G) is symmetric, all the eigenvalues of A(G) are real. In fact, the eigenvalues of
A(G) are called eigenvalues of the graph G. We can list the eigenvalues of the graph G in a

non-increasing order as follows:
M(G) 2 22(G) = -+ = 41 (G) = 1u(G).

The largest eigenvalue 1;(G) is often called the spectral radius of G.

Throughout this paper, we will consider only finite, simple, undirected, bipartite graphs.
So, let us suppose that G = (/ U V, E) is such a bipartite graph, where U = {1, uo, ..., Up},
V = {v1,va,...,V4} are two sets of vertices and E is the set of edges defined as a subset of
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U x V. As a usual notation, the degrees of vertices u; € U and v; € V will be denoted by
degu; and deg v;, respectively. For the integers p,q,7,s,t € Z* satisfying rt < p and st < g,
let us denote the bipartite graph G by G(p, g; 7, s; t) with the above partite sets U and V such
that u; € U and v; € V are not adjacent if and only if there exists a k € Z* with1 <k <t
suchthat (k—1)r+1<i<krand (k—1)s+1<j<ks.

In the literature, upper bounds for the spectral radius in terms of various parameters
for unweighted and weighted graphs have been widely investigated [1-10]. As a special
case, in [3], Chen et al. studied the spectral radius of bipartite graphs which are close to
a complete bipartite graph. For partite sets { and V having |U| =p, |V| =g and p < g,
in the same reference, the authors also gave an affirmative answer to the conjecture [11,
Conjecture 1.2] by taking |E(G)| = pg — 2 into account of a bipartite graph. Furthermore,
refining the same conjecture for the number of edges is at least pg — p + 1, there still exists
the following conjecture.

Conjecture 1 [3] For positive integers p, q and k satisfying p < q and k < p, let G be a
bipartite graph with partite sets U and V having |U| = p and |V| = q, and |E(G)| = pq - k.
Then

pq -k + /p*q> — 6pgk + dpk + 4qk® — 3K>
2 .

MG) < 1(Glp, gk 151)) = \/

We note that similar conjectures in this topic have been resolved by the first author in
the papers [12-16]. In here, as the main goal, we present the proof of Conjecture 1 for the

range miny, cy{degvy} < LI%IJ‘

2 Main result
The following lemma will be needed for the proof of our main result.

Lemmal [3] Let A be the spectral radius of the bipartite graph G(p, q; k,1;1). Then

. \/pq —k + /P> g% — 6pqk + 4pk + 4qk* — 3k>
1= .
2

We now present an upper bound on the spectral radius of the bipartite graph G.

Theorem 1 For positive integers p, q and k satisfying p < q and k < p, let G be a bipar-
tite graph with partite sets U and V having \U| = p and |V| = q, and |E(G)| = pq — k. If

miny, ey {degvy} < |57 ], then

@

2(G) < \/Pq—k+ \/quZ — 6bpgk + 4pk + 4qk2 —3k2
- 2

with equality if and only if G = G(p, q; k, 1;1).
Proof Let Z = (x1,%2,...,%p, Y1, )25 - ,yq)T be an eigenvector of A(G) corresponding to an

eigenvalue A,(G). For the sets U/ and V, let x; = max;<j<, % and y; = maxi<j<4 Y, respec-
tively. Also, let us suppose that v; is the vertex having minimum degree in V. Then we
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have

LEJ > min{degv;,} =degv; =d; (say).
2 v,eV

Now,

A(G)Z = M (G)Z.
Considering (2), we get

M(G@x; <(g-1)yj+n foruel

and
MGy <dyx; forvieV.

However, from (3) and (4), we clearly obtain
A Gy < di[(g-1)y; + 3],

which can be written shortly as

()\%(G) - dl)yl <(q - Ddyy;.
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(2)

3)

(5)

Since v, is the vertex with the minimum degree ; in V and the total number of edges

in bipartite graph G is pg — k, we have
»
> M(G)an < (pq - k - dy)y; + duy.

h=1

For v; € V, from (2) we get

M@= Y wn

up:upViEE

In other words, by (6),

»
(G = Z MGy < ZM(G)xh <(pq -k —d)y; +diyn,
1

upupVviEE
that is,
(\(G) - pq +k+dy)y; < diy.
From (5) and (7), we get

M(G) - (pg - k)33(G) + di(pq — k — qdr) <0,
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that is,

-k 2q2 — 2pgk + k2 — dpqd, + 4kd; + 4qd?
M(G)S\/M +VP2q* - 2pgk + pach + 4kdy + 4qd; ®)

2

Let us consider a function

-1
f(x) = 4gx* + 4kx — dpgx, where x < LIQTJ

Then

k -1
f’(x):—4q(p———2x) <0, asx< {%J andk<p <gq.
q

Thus f(x) is a decreasing functionon1 <x < L}%lj. Sincep-k <d; < L’%lj , from (8), we
get the required result (1).

Suppose now that equality holds in (1). Then all inequalities in the above argument must
become equalities. Thus we have d; = p — k. From the equality in (3), we get

Y=Yy, h=2,3,...,q and

uthEE, h=1,2,...,q.
From the equality in (4), we get

xp=x;, h=p-di+Lp-di+2,...,p and

uywn €E, h=p-di+Lp-di+2,...,p.
From the equality in (7), we get

Y=Yy, h=2,3,...,9 and

wyvi€E, h=12,...,p,j=2,3,...,q.

Hence we conclude that G = G(p, ¢; k,1;1).
Conversely, by Lemma 1, one can easily see that the equality holds in (1) for the graph
G, q;k,1;1). O

Remark 1 In Theorem 1, we proved Conjecture 1 for the range min,,cy {degv,} < LI%IJ.
However, this conjecture is still open for the range L’%lj <min,, cy{degv,} <p.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors completed the paper together. Moreover, all authors read and approved the final manuscript.

Author details

' Department of Mathematics, Sungkyunkwan University, Suwon, 440-746, Republic of Korea. ?Department of
Mathematics, Faculty of Arts and Science, Uludag University, Gorukle Campus, Bursa, 16059, Turkey. *Department of
Mathematics, Faculty of Science, Selcuk University, Campus, Konya, 42075, Turkey.


http://www.journalofinequalitiesandapplications.com/content/2013/1/121

Das et al. Journal of Inequalities and Applications 2013, 2013:121
http://www.journalofinequalitiesandapplications.com/content/2013/1/121

Acknowledgements

Dedicated to Professor Hari M Srivastava.

The first author is supported by BK21 Math Modeling HRD Div. Sungkyunkwan University, Suwon, Republic of Korea, and
the other authors are partially supported by Research Project Offices of Uludag (2012-15 and 2012-19) and Selcuk
Universities.

Received: 19 December 2012 Accepted: 24 February 2013 Published: 21 March 2013

References

1.
2.
3.

® N o ;s

10.
11.

Berman, A, Zhang, XD: On the spectral radius of graphs with cut vertices. J. Comb. Theory, Ser. B 83, 233-240 (2001)
Brualdi, RA, Hoffman, AJ: On the spectral radius of a (0, 1) matrix. Linear Algebra Appl. 65, 133-146 (1985)

Chen, YF, Fu, HL, Kim, 1], Stehr, E, Watts, B: On the largest eigenvalues of bipartite graphs which are nearly complete.
Linear Algebra Appl. 432, 606-614 (2010)

. Cvetkovi¢, D, Doob, M, Sachs, H: Spectra of Graphs. Academic Press, New York (1980)
. Cvetkovi¢, D, Rowlinson, P: The largest eigenvalue of a graph: a survey. Linear Multilinear Algebra 28, 3-33 (1990)

Das, KC, Kumar, P: Bounds on the greatest eigenvalue of graphs. Indian J. Pure Appl. Math. 34(6), 917-925 (2003)
Das, KC, Kumar, P: Some new bounds on the spectral radius of graphs. Discrete Math. 281, 149-161 (2004)

. Das, KC, Bapat, RB: A sharp upper bound on the spectral radius of weighted graphs. Discrete Math. 308, 3180-3186

(2008)

Hong, Y: Bounds of eigenvalues of graphs. Discrete Math. 123, 65-74 (1993)

Stanley, RP: A bound on the spectral radius of graphs with e edges. Linear Algebra Appl. 67, 267-269 (1987)
Bhattacharya, A, Friedland, S, Peled, UN: On the first eigenvalue of bipartite graphs. Electron. J. Comb. 15, #R144
(2008)

. Das, KC: On conjectures involving second largest signless Laplacian eigenvalue of graphs. Linear Algebra Appl. 432,

3018-3029 (2010)
Das, KC: Conjectures on index and algebraic connectivity of graphs. Linear Algebra Appl. 433, 1666-1673 (2010)

. Das, KC: Proofs of conjecture involving the second largest signless Laplacian eigenvalue and the index of graphs.

Linear Algebra Appl. 435, 2420-2424 (2011)

. Das, KC: Proof of conjectures involving the largest and the smallest signless Laplacian eigenvalues of graphs. Discrete

Math. 312, 992-998 (2012)
Das, KC: Proof of conjectures on adjacency eigenvalues of graphs. Discrete Math. 313(1), 19-25 (2013)

doi:10.1186/1029-242X-2013-121
Cite this article as: Das et al.: On the spectral radius of bipartite graphs which are nearly complete. Journal of
Inequalities and Applications 2013 2013:121.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 5 of 5


http://www.journalofinequalitiesandapplications.com/content/2013/1/121

	On the spectral radius of bipartite graphs which are nearly complete
	Abstract
	MSC
	Keywords

	Introduction
	Main result
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


