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A boundary value problem for Bitsadze equation in matrix form

Sezayi Hizlwel and Mehmet Cagliyan

Abstract
In this work, we investigate the solvability of the problem
8w
o=y
09
Re{ig(2)w(2)} = 71 (2), Rews(2) = 72(2) = € D)

in the unit disk of complex plane. Here f , 71 and -2 are given m X s-complex matrix-valued functions;

feLP(D), vy1,72 € C(ID) and ¢ is a generating solution for @-holomorphic functions.

Key Words: @Q-Holomorphic; Bitsadze equation

1. Introduction

Let @ be an m x m complex matrix valued function. If @ (z) is self-commuting, i.e.,

Q(21)Q (22) = Q (22) Q (21)

for any two points z;1, zo in the domain Qy of C and if @ (z) has no eigenvalues of magnitude 1 for each z in

Qo, then the solutions of the matrix equation
Duw(z) := wz(z2) — Q(2)w(2) = 0, (1)

have similar properties as the complex analytic functions. This equation was first considered by Hile [10]. The
solutions of this equation are called @QQ-holomorphic functions.

We  recall next a few  elementary  properties associated with  the operator
D:= 0% — Q% . First, there exits so-called generating solution ¢ (z) := ¢ (2) I + N (z) which satisfies equation
(1), where N is the nilpotent part of ¢ and ¢q is the main diagonal term of ¢ satisfying the complex Beltrami

equation

Opo  O¢o
% o, =0 WAL
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If a function @ (z) is @-holomorphic, then it can be written solely as an analytic function of a generating

solution, i.e. ®(z) = f (¢ (z)) [10]. This suggests formally defining differentiation with respect to ¢ as

) - —\-1]— 0 =0
90 (¢=05 — 020.) |:¢z% - z&]
and differentiation with respect to ¢ conjugate to ¢ as
o _ _
55 = (0:0:=958.) " 0D (2)

weakly. From (2) we may rewrite (1) as

Also, the generalized Pompeiu operator defined as
71 (2) = 2P [ [60(0) (00 - 0 ()7 £(0)deaty
Q

satisfies

orf orT
= =~ =1I
L) dp  ~

where II is

~

my = 2P / / 6 (0) (6(0) — 6 ()2 £ (¢) ded.
Q

T and II have similar properties as T- and IT-operators of I. N. Vekua’s theory (see [11]). Iterating T with

itself as well as its complex conjugate leads to the representation formulas. These representation formulas can
be used to solve some boundary value problems as in complex and hyperanalytic case see [2, 3, 4, 5, 6, 7, 8, 9],

also see [1]. In this work we consider the solvability of the problem

0w
P f
Re{ig(z)w(2)} = 11(2), Rewg(z) = 12(2) 2z € ID (3)

in the unit disk D of the complex plane and give a representation formula for solutions. The method used is
the one given in [8] in hyperanalytic case. Here, f is an m x s complex matrix in LP(D), p > 2, 71 and 7

are m X s matrices in C(9D) and ¢ is a generating solution to (1). Further, we assume that @ is commuting

with Q
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2. First and second order representation formulas

For a solution v € C1(2) of (1) commuting with @ and any v € C1(Q) N C(Q) m x s complex matrix-
valued function, Hile [10] proved that

(dv)u =2i | [v.(uz — Qu,)dxdy. (4)
Juon=2if ]

a0 Q
From (4), taking ¢ and w instead of v and u, respectively gives

[ao@we+ [[ase) dm&gg) 0. (5)
Q

o0

Similarly

é{l 45w () - /Q o) i 25 —o.

Also, Hile gave a representation formula called the generalized Cauchy-Pompieu representation for an m x s

complex matrix-valued function:

Theorem 1 Let Q be a regular subdomain of Qq, 9Q its boundary and w be a m x s-matriz in C* (Q)NC (ﬁ)

with bounded first derivatives in . Then for z in Q

w(z)= P! / (6(0) — (=) dé (Qw (¢) + P! / / 46 () dF Q) (6(C) — 6(2)) ™" ZZ—% (6)
o0 Q

In (6) P is a constant matrix defined by

P(z) = / (2] +2Q) " (Idz + Qdz) .

|z]=1

It is called the P -value for (1).

Now, we give a second order representation formula for complex-matrix valued function.

Theorem 2 Any m x s complex matriz-valued function w € C?(Q) is representable by

- I L dw(Q)
w(z) = P14 —(2))" w(C) - —¢(z o) ==
B é{l ¢<<>{<¢<o 6(2)) " w(C) ~ @0 — 3 (#(0) — 6(2)) WO}
- — a0 — ()t &w(¢)
P! [ 46000 9N (9(6) — 0t ™ ™
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Proof. Applying formula (6) to dw(z)/d¢(z) and denoting 82w(z)/8%2 = f(z) gives

owsz) _ e 0O
=P [ (0600~ 0 G+ TS
Substituting this in (6) we obtain
_ p—1 _ 2 71’(1) -1 Py 8’(U(C) 2 Py
w(z) = P71 [ 40€) (0(0) = o)™ wl©)+ P [ as(0)11c.2) o T
where
162 = P [[ a6@aod) (90 - 9(0) (910 - 0())
= 00 -0 P [[ 40@a0@ | (6@ - 001) - (6@ - 010) |
and

2f(z) = P71 (). z .
124(2) = P~ [ d0Oda@1¢. 140

To evaluate I(¢, z), apply (6) with ¢(z) to obtain
96— 0() = P [ [ 00T (0(0)  o(2)) ™

9(z) = P! /6 d9(0) (9(0) = 9(2) " 90

Thus
16, 2) = (9(6) = (=) [9(0) = 9(2) = 9() + 6(2)] -

Since ¥ is @-holomorphic from (5),

(0
99(¢)

oN
et [ /Q 160D ((0) — ()~ (9(C) — 9(2)) £(C) = 0.

P / 46(C) (8(C) — 6(2)) ™ (9(C) — 9(2))

This proves the representation formula (7). O

Remark 3 Since ¢ is a solution of the Beltrami equation, this solution can be found by p(z) = ¢o (z) in the
case of |\ < qo <1 and by p(2) = ¢o (Z) in the case of |A| > qo > 1 with nonnegative constant qo (see [13],

Chapter II). Hence, under the coordinate transformation p = p(z), (1) becomes
ws—Qu. = [z (3@ - 1)] (wy — 02 (@ ~ 1)] " lo- AT~ Q) wy ) .
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The coefficient of w, is a self-commuting matric whose main diagonal terms are zero (see [11], pp. 431). If we

denote the coefficient of w, again by Q and return to using z as the independent variable, we have

wy = Qu,.

Note that in this normal form the generating solution is ¢(z) = zI + N(z). Especially choosing m =1, s =1

w(z) = /C( ¢ — 2iP~ //—dgd (8)

) <
P:_{ 27”; |)‘|—q0<1

in (6), we obtain

where
727”.; |>‘| Z qo > 1

(see [12], pp. 581).
Also, using (8) and the complex Green formulas, we obtain the following theorem.

Theorem 4 ¢ € C'(D;C). Then

. d¢ L ez Cer )\, -
——+P = | d{dc.
op (T2 " //D<Cz+1zc) o

¢ (2) =-2P~" [ ReliCo(C)]

3. A boundary value problem for the matrix Bitsadze equation
Note that (7) is in the form

w(z) = p(2) + o(2)¥(2) + Tg,zf(z),

where ¢ and 1 are arbitrary Q-holomorphic functions and

Toaf(s) = —P~ // 46(O)dBONB(C) — B(2)) (H(C) — 6l2) ™" £(0).

Now we show that the arbitrary @)-holomorphic functions ¢ and 1 can be determined by prescribing boundary

values for w in (3). The first boundary condition in (3) gives

Re{ip(z)p} = m—Re{w(z)%w(z)+z’¢<z)ToN,2f<z)}

In component form this is
Re{izpre(2)} = Are(z ZRG{Z¢k] z)pje(2)}
= Are(z), 1<k<m, 1<L<s.
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Hence, the solution of

890 . k—1
k
5 > ar(@ie)-
=1
Relizpre(2)} = Ake(2)
is
k—1 k—1
ore = Coine+ Y, Coldnjpse) + Y Ty (#50),
j=1 j=1
k—1
= CoVke+ ) (Akj%e + Ty (%4)4) )
j=1

provided that

P Ao - P //Im{qu] ) (pse)c )}dc‘df—o. (10)

where Co, Ak; and Tj; are the operators defined respectively by

Cop(z) = —2iP7 /g)]]]) ¢ (pC(OZ)

Agip(z) = CoIm (¢r;(2)p(2))

pot ] (#4989 ST )

dg,

Tijp(2)
Ay can be transformed into area integrals

L (600000 - 36(000)
Apjp(z) = P / - dC

= 27 [ 5 (90000 - 50000) 1d<d§?

T} ;p operators have similar properties as 1", especially

O 1ianlz) = as(20(2), - Tigolz) = Mgo()

Qk] C Qk](C) (C)
Hise(z) // < —z) (1- zC) ) e

Note that, since gx; = 0 for k < j, Ax; = 0 and Ti; = 0. For iterating (9), denote by A;Cj, ,;] the

in the weak sense with

z-derivatives of the operator Ay;,T); respectively.
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Definition 5 Let Ay;,Ty; ,1 < k < m,1 < j < s be operators given above and A;Cj, T,;j related ones.

Assume that all these operators are composite with one another and denote composition as product. We define

an operation B on k-tuples of these operators by

B(4) = A,
B(AkorsTor,00) = AkorToy 00+ Tk,o'lTL;hg-z
(Ak o Tore) = AeoTovos + Too Ty,
B (Ao Aorons 3 Agy10y) = AkoB(Aoy ooy s Aoy 1 0,)

!
+Tk701‘B (Aal,aza T aAap,l,ap)
B (Ak,ala Ty Agp72’5p71 ’ To'p,l,ap) = Ak,alB (Aal,aza R Agp72’5p71 ’ To'p,l,ap)

!
+Tk,alB (Agl,gza R Agp72’5p71 ’ Tap,l,ap)
!
B (Ak,gla Aal,aza T ;Aapfl,ap) = Ak,alB (Aal,aza T aAap,l,ap)
’ !
+Tk,alB (Aal,aza e ’Ao'p717o-p)
!
B (Ak,ala T aAUp72,Up71 ) To’p*lvap) = Ak alB (Arn,aza T ’Ao-p7270-p71 ) Tapfhffp)

+Tk701‘B (Affl,ﬂz’ e ’A5p72v‘7p71 ) T"’pfhl"p) )
where A € {Aij, Tij, A;g]-, T,;]- 1<k<m, 1<j<k}.
Lemma 6 The solution to the system

k-1
ore=CoTke + Y (Akj%'e + Tk (%’e)g)
j=1

is uniquely given by

k—1 k— k—1
e = CoVre + E B (Tx,0, Co’)’al, E (Akm y Aoions aAapfhvp) CoYo, 0
1= 1 : 7...,0’;}71
k—1 k—1
/»-v
+ E E B (Ak,ril; T ;Aap,z,ap,l ’ To'p,l,ap) CO’YUP,E'
p=201,,0p=1

Proof. Obviously, for k=1, 1 < /¢ < s the solution is @17 = Cpy1¢. We also have

20 = CoYar + Asrpre + To1 (p10)

= Covor + A21Co71e + 121 Cyyie.
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We assume (11) holds for 1 <t <k <m —1, 1 </¢<s. Then applying (11) to system (9) for 3 < k gives

k-1

CoTke + Y (Akjw + Ty (%4)4)

Jj=1

Pre

= Covie + AkiCovie + 111 Cyr e

k-1 j—1 k-1 j—1

+Z Z Aij (Tj,al) C(/);?al,é + Z Z Tij (T‘;O’l) C(/);ygl’g

j=201=1 j=201=1

J 1
+ Z Akj CO;?]'@ + Z Z B (A]',Ul ) Aahaza te ’Ao-pflyo-p) CO;?J,,,E

p=101, 0p=1

+2Akj B (A]"UU to ’A0p7270-p71’T0'p7170-p

+ Z Tkj C(;%j@ + Z Z B (A;"gl ) Am,aza T Aa,,fhap) CO;?JP,Z

-1 7j—1
+ Z Tkj B (Aj’o'lﬂ ) Ao’,,,z,o'pfl ) Tap,l,o'p
= P=2 01, ,0pe1
k—1 7—1
- 007k£ + Z |: Ak] CO + B (Tk]) Co} Vil + Z Z B Ak]; 7, 01) 00701,

j=201=1

k—15—1

+ Z Z Z B (Akj’ A]"O'l’ T aAa,,fl,a,,) CO%JP’E

j=2p=1o01,,0p=1

k—15—-1

Jrzz Z B (Akj’Aj""l’ o ’Af’p—zvl"p—uTap—hap

j=2p=201,,0p=1

k—1 k—1 k—1
= Core+ Y B(Tho, ) Coje + B (Akor,- -
o1=1 p=1o1,-,0p=1

k—1
+ Z Z B (Ak:yo-lﬂ T aA0p72,0p71 ) To-p717o-p) C(/);?Jp,@'

p=201,,0p=1

This proves Lemma 6

Using matrix notation we can rewrite (11) as
p=Coy+ Ay, Y=m+Im (tﬁ&/) + ¢To,2f>

36
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ikil B (Akor) Co + B (Tio,) Cy | €

k=201=1

q

k—

Z B (Ak,ril; Aal,aza tt Aap,l,o'p) Coelw"

1
p=201,",0p=1

m

+>

k=3

k—
’

ko,

E B (Ak,ril; T ;Aap,z,ap,l ) To’,,,l,ap) C()e P

1
p=201,"-,0p=1

m
+2
k=3

is a matrix integral operator and e¥°» denotes constant matrix in which the k — th row and o, — th column

term is 1 and the other terms are 0. In order to check that (12) gives a (-holomorphic function we observe

that for any m x s complex matrix-valued function p whose the components are analytic functions,

I

and

>
Il
N
~
I
—
q
=
I
—

Kkt

B (Ak,al 3 Aal,aza e ;Aapfl,ap) No’,,,@e

! ke
B (Ak,tn ) T0170,2) Moy

0 - /
JF% Z Z B (Ak,au Aoy a0p 1 To’pflyo-p) Nap,éeke

k—
14
Z ko <A01,02N024+H01702N02£) b

ke
’ Aap,l ,ap) Hope€

s k—1 k—1

m
! ! ke
+ E E QKo B (Ak,ala Aoy opy " aAapfz,apaTapfw,p) Ko, 0€
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0
L = Qg Aqu
P m s k—1
! ke
= Q_Z Z (Ak01N1£+Tk01N14)] e
k=2/¢=101=1
a m s k-1 k—1
+Q& Z B (Akdl«la T aAap,l,ap) ng,leke
k=3 {¢=1 p=2 01, ,0p=1
a m s k-1 k—1
+Q& Z Z B (Ak’al’ T ’Ao'p727‘7p717T‘7p7170'p) uo'pwgeke

i—1j—1  j—1

Z Z ql]B (Aj,al’ T ;Aap,l,o'p) uo’pyfeie

- . .
+Z Z ql]B (Aj,o'l’ T ’Ao'p727‘7p717T‘7P717‘7p) uo'p,gelg'
Thus I; — Qu/ = Iy, and with p = Cy7y, we obtain

o . - 0 ~
Dy = gAQ’Y*Q (Co+ EAQ> 7 =0.

Further, from the second boundary condition in (3)
Re(z) =2 — Re (Tf(z)) , z€dD.
Thus, for 1 we obtain a Schwarz problem. The solution of this problem is

¥ —ic=(S+2IoC" 2, 2 =72 — Rel'f (13)

(see [12], pp 584). In order to determine ¢ in (13) writing the value of Fx, in (10), we obtain in component

form

0 = Pil/aD('Yl)kE(C)_‘FI mP~ /E)DZZQSIM ¢1] 1/)]4(0 CC

=1 j=1
k
d
+ImP~! /g)]]) jz:;¢kj ©) (ngf )j +Z¢Iw SOM ?C
—ImP~ / Z aW 925 (Q ez, (14)
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where, (---)j¢ means the i¢-th row and j-th column of (---). Writing ¢ in (14) as ¥ + ic leads to system

g

e = —P! /6 e ©F

. k—1 _ _ d¢
—ImP~ [)D;z (Cf;bkj (Q)eje + Conj (€) Cﬂ) T

k—1t-—1

dg

—ImP~ § E it}
m oD = £ = 1¢kt ¢t] ZC]Z C
ZZ dg

—ImP~ /E)]DJZ = 1(15191 ¢1] 1/)]6 C

. k—1 dc
—ImP [)D;¢kj(c) (Tg,zf(C)>ﬂ+<Pjé(C)]?

stmpt / Z a2 act (15)

where ¢ is given by (12). Since @ is commuting with @, ¢¢ is real (see [11], pp. 438). Hence, rewriting 7 as
y=m+Im ((b&l} + ¢To,2f> + ¢,

(12) becomes

¢ = O+ (co+AQ>¢$c

0 : = (Co + AQ) [’Yl +1Im (Qﬁd’ + ¢To,2f>] .
Since
m k—1 m k—2i—1
Cotd = 3" Co (2085 (2) +Z0ni(2) ) €7 + 3 Codri (2) b (2)e*
k=2 j=1 k=3 1i=2 j=1

is a nilpotent function the k-th row and ¢-th column term of

m s k-1 m
CO¢¢C = Z Z Z CO (nybk] Z¢k]) C]ZG + Z Z Z CO¢I§1 ¢1] ( )C]ZG ke
k=2 (=1 j=1 k=3 £=1 i=2 j=1
is independent of c¢ge. Thus (15) can be written as
k—1
Cre = —PBre — Y ;e (16)

Jj=1
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with

Bre = P*I/ (Y1) 1 CC I/GDIm{ZZd)md)u%eJer)k] (Tozf) }%

=1 j=1

+P*1/6D1m Z% e % //Im qu] e | dCdC.

T {Pl /DD Im [(¢ €)= ¢) (Co + Afg) $(¢) W]

- {//Dlm [Q © <cg+A;2> ¢<<)m] dcdz}

Note that « is a nilpotent matrix whose main diagonal terms are zero.

&

L,

kj

Lemma 7 The solution to (16) is

m—1
c==F=Y (-1)a’B=—(I+a)"' B,
p=1
where
m k—1 m s
a=Y Y ape,  B=D" Bue
k=2 (=1 k=1 ¢=1

Proof. For k=1 and any ¢, 1 </ < s the equation (16) is ¢1p = —(1¢. Assume for 1 < j < k and any ¢,
1<t <s

j—1 j—1
ce=—Bie =Y (1" D oy oy, oy (17)
p=1 o1y op=1
holds. Then from (16)
k—1
che = —Bre— Y akicie
j=1
k—1 j—1 j—1  op—1
= 75]9[726”9]' 7ﬂ]£72(71)p Z Z Qjoq 'aap,l,apﬂap,ﬁ
Jj=1 p=1 o1=1 op=1
k—1j-1 -1 op—1
= —Oret Zak]ﬂ]e + Z Z AkjQoy oyt 0y Boy b
Jj=2p=1 o1=1 op=1

op—1

k—1 k—2
= 7[319@ + Z akjﬂj@ + Z ( Z Z Z Oy oy 'aapfl,apﬂap,ﬁ
j=1 p=1

j=p+lo1=1 op=1
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k—1 j—1 op—1

k—1 k—1
= Bret ) aiBiet Y (CDPTIY D D e Qo By
7=1 p=2

j=p o2=1 op=1

k—1 -1 op—1
—1
— 7&]{}[ + Z (71)1’ Z e Z ak’o_l e ao_pil’o_pﬂo_p’e
p=1 o1=1 op=1
k—1 k—1
= 7ﬂk£ - Z (71)17 Z Qk,oq " .ao'pflvo'pﬂapve'
p=1 o1y sop=1

m s m s k—1 k—1
c = > Y e =—p-)" (1P D oy Qo 0, B0, 06
k=1 ¢=1 k=2 ¢=1 p=1 01, ,0p=1
m—1 m k—1 s
= 7& - (71)17 Z Aoy " aap,l,apek’gpﬂap (e ¢
p=1 k=p+1 01 op=1 =1
m—1 m k—1 s
k 4
= B-> ()" Y (Q)F o, €7 Bo, 067
p=1 k=p+1o1 op=1 (=1
m—1
= A= (WaB==(+a)"p
p=1

This proves the lemma.

On the other hand,

Ita = z>1[%{¢«naﬁﬁ+hnﬂ¢@)o(ﬁb+4?>¢“3$@ﬂ}‘_

Q@<%+A@¢@M@)aﬁ

3
=
3

and
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- p /6 ) [71 Q) + Im (qs(c)Ww Q) +¢() Tof (O)]%

27 [ {0 -0 (Gt Ae) [ @+ m (0 8@ + 0O Toaf )|} £

¢

_p! / /D Im{@ <CO+AQ) [ () + Im (szs(c)Ww(o+¢<<)Tg,2f<<))]}dch

= P 1/@@{’)’1
dg

xIm [(S +21oC ) (72 () — ReT'f (<))] +1Im (¢(<) Toof (<))} -

w7 [ 66 -0 (co+ 40)] o ©+003E)
xIm[(SJrﬂ;QC/)( — ReTf (¢ ]}TC

27 [ 060~ 0) (ot 4) 1 (600 Thar ©) ] €

//Dlm{Q(C) <C{)+AN/Q) (71 O+

xIm [(s + 2TNQC/) (72 (¢) = Rer (<))] } d¢dg

-l [Q © <Cé+{c;) (¢© Tg,zf(C))] d¢z.

Now, the solution (3) with the boundary conditions (3) is completely determined. From (13), (12) and (18)

v

w = o+ +Toaf
= (Co + AQ) |:’)’1 + (155 (S + 2TQO/> (’)/2 — Rezf)] + igc +Toaf

+ (Co + AQ> |:¢$C+ Im ((bTo,zf)] +é (S + 2TQC/> (’)’2 — Relw“f)

(Co + AQ> [71 + ppIm (S + 2TQC/> (72 - Regf) +1Im (quo,Qf) —¢o(I+a) ' p

Remark 8 The matriz operators Cy + Ag and S + 2TQC/ acting on matriz-valued functions map integrable

functions on OD onto the space of @Q-holomorphic functions in D. Hence it is obvious that (19) is a solution
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to equation ‘;2715’ =f.

Lemma 9 For € C (9D)
e i0) (Co+ Ag) ()] = 1(2) +d
with

= [ 0% [ im0 -0 (corae)vo]

oD
+P / Im lQ ©) <Co + A;;) ’Y(C)] d¢dc.
D ~

Proof. For proper real valued v and z € 0D, we have

Re(izCoy) = Re [iz(%)Pl /0 DC&(C)Z)dC]

= Re <2ZP1/6D C&(C)Z)dc>

_ —1 CHzdd 4 %)
= Re(P /aDPY(OC*ZC P /DD’Y(C) c

= @ -P [ 10
and
Re(istign) = pe|ip [[ (S22 g ) ) dcat]
—re|ir [[ @d(df}
= P [[ ) @) e
Hence, on D

1

m m s k—
Re [iq& (Co + ANQ> 'y] = Z e“Re(izCO'ykg) + Z ekt { Z

1=1

12 (Ak’UICo +Tk.00 C(/)) 701,4}

q

+B (Ak,ala e ;Aa,,fz,ap,l,Tap,l,ap) Co} 'Yap,é}
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k-1
ZZ ¢>ij0%’£)

Jj=1

k—1 7—1

|

n
Ms

A"’pfl ,o’,,) CO

ZRG{ kzjljz: Z brj (B (Ajoy, -,

j=3p=201,-,0p=1

bl
[l

S
~

+B (Ajo,, -, A Toy r0)) C(;] %p,e}

Op—2,0p—1,

k=2 ¢=1 o1=1
m s -1 k—1
— Z e“Pil/ Im d)k o1 [B (A01 g2 Ao'p 1 Jp) CO
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Here the last sum is
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&
¢

4 / /D Im [Q ©) (ca + {Q) y <<)] d¢d.

7 [ im0 -0 (Gt 4e) 10| ©

Re [iq& (2) (Co +ANQ> 'y(z)] = 7(z) fpfl/aD’Y(C) ¢

Theorem 10 The boundary value problem (3) with ~v1,v2 € C (9D) for the inhomogeneous matriz Bitsadze

equation g—(;g =f fel, (ﬁ) is uniquely solvable. The solution is given by (19).

Proof. In order to verify (19) to satisfy boundary condition (3) applying previous lemma to (19) we obtain
Refipgw} = m -0

-1 - —=1) d¢

H{p [(@5@+1m |60 -0 (0o + 40) 005101 )

- //D Im l@ © )+ A/Q) 6(C) W] dcdz} I+a)™p
Al

For the second boundary condition in (3) differentiating (19) leads to

Re {ZZ} = <S+2TQ> ('ngeTf)i(lJra)lﬂJrTf

= 72
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This follows from the properties of Schwarz operatorS and from

ReToC p =0
(see [12], pp. 586). O
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