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Lately, in [2] the Sălăgean type q-differential operator has been introduced as 
given by 

 ु௤଴݂(ݖ) =  (ݖ)݂

 ु௤ଵ (ݖ)݂ =  (ݖ)௤݂ुݖ

 ु௤௞݂(ݖ) =  ((ݖ)௤௞ିଵ݂ु)௤ुݖ

 ु௤௞݂(ݖ) = ݖ + ∑ [ஶ௡ୀଶ ݊]௤௞ܽ௡ݖ௡ (݇ ∈ ℕ଴, ݖ ∈ Δ). (3) 

For ݍ → 1ି,  we get  ु௞݂(ݖ) = ݖ + ෍ ݊௞ஶ
௡ୀଶ ܽ௡ݖ௡ (݇ ∈ ℕ଴, ݖ ∈ Δ) 

the familiar Sălăgean derivative [3].  

Noonan and Thomas [4] introduced the ࢗ௧௛ Hankel determinant of function ݂ 
by  

= (݊)ࢗܪ   ተ ܽ௡ ܽ௡ାଵ … ܽ௡ାିࢗଵܽ௡ାଵ ܽ௡ାଶ … ܽ௡ାࢗ⋮ ⋮ ⋮ ⋮ܽ௡ାିࢗଵ ܽ௡ାࢗ … ܽ௡ାଶିࢗଶተ     (ࢗ ≥ 1). 
In particular,  

ଶ(1)ܪ  = ቚܽଵ ܽଶܽଶ ܽଷቚ = ܽଵܽଷ − ܽଶଶ = ܽଷ − ܽଶଶ 

and  

ଶ(2)ܪ  = ቚܽଶ ܽଷܽଷ ܽସቚ = ܽଶܽସ − ܽଷଶ. 
Then, Fekete and Szegö [5] obtained estimates of |ܪଶ(1)| = |ܽଷ −  is ߠ ଶଶ| forܽߠ
real. That is, if ݂ ∈ ࣛ, then  

 |ܽଷ − |ଶଶܽߠ ≤ ቐ4ߠ − 3 ߠ ≥ 11 + (ଶఏଵିఏି)݌ݔ݁ 2 0 ≤ ߠ ≤ 13 − ߠ4 ߠ ≤ 0 . 
Furthermore, Keogh and Merkes [6] derived sharp estimates for |ܪଶ(1)| when ݂ is starlike, convex and close-to-convex in Δ.  
Next, according to the Koebe One Quarter Theorem [7], every univalent 
function ݂ has an inverse ݂ିଵ satisfying ݂ିଵ(݂(ݖ)) = ,ݖ ݖ) ∈△) and ݂(݂ିଵ(ݓ)) = |ݓ|) ݓ < ,(݂)଴ݎ (݂)଴ݎ ≥ ଵସ). A function ݂ ∈ ࣛ is said to be bi-
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univalent in △ if both ݂ and ݂ିଵ are univalent in △. Let Σ indicate the class of 
bi-univalent functions defined in the unit disk △. Since ݂ ∈ Σ has the Taylor 
representation given by Eq. (1), computation shows that ݃ = ݂ିଵ has the 
following representation:  

(ݓ)݃  = ݂ିଵ(ݓ) = ݓ − ܽଶݓଶ + (2ܽଶଶ − ܽଷ)ݓଷ + ⋯. (4) 

Several researchers have introduced new subclasses of bi-univalent functions 
and derived non-sharp the initial coefficients (see [8-18]).  

Now, by using the Sălăgean type q-differential operator for functions ݃ of the 
form Eq. (4), we define: 

 ु௤௞݃(ݓ) = ݓ − ܽଶ[2]௤௞ݓଶ + (2ܽଶଶ − ܽଷ)[3]௤௞ݓଷ + ⋯ (5) 

and introduce a new subclass of Σ to acquire the estimates of the initial Taylor-
Maclaurin coefficients. Then, by using the values of ܽଶ and ܽଷ, we derive the 
Fekete-Szegoሷ  and Hankel inequalities. 

2 Bi-Univalent Function Class ऐ઱ࣅ)࢑ࢗ,  (ࢼ

In this section, we will give the following new subclass involving the Sălăgean 
type q-difference operator and also its related classes. 

Definition 2.1. A function ݂ ∈ Σ given by Eq. (1) is said to be in the class 

  ℱΣ௤௞(ߣ, 0)       (ߚ ≤ ߚ < 1,0 ≤ ߣ ≤ 1, ,ݖ ݓ ∈ ∆) 

if the following conditions hold: 

 ℜ ൬(1 − (ߣ ु೜ೖ௙(௭)௭ + ൯ᇱ൰(ݖ)൫ु௤௞݂ߣ >  ߚ

and 

 ℜ ൬(1 − (ߣ ु೜ೖ௚(௪)௪ + ൯ᇱ൰(ݓ)൫ु௤௞݃ߣ >  .ߚ
Example 2.2.  A function ݂ ∈ Σ, members of which are given by Eq. (1) and  

1. for ߣ = 0, let ℱΣ௤௞(0, (ߚ =: ℛΣ௤௞(ߚ) denote the subclass of Σ and the 
following conditions hold 

 ℜ ൬ु೜ೖ௙(௭)௭ ൰ > and  ℜ  ߚ ൬ु೜ೖ௚(௪)௪ ൰ >  ߚ

2. for ߣ = 1, let ℱΣ௤௞(1, (ߚ =: ℋΣ௤௞(ߚ) denote the subclass of Σ and satisfy the 
following conditions  
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 ℜ ቂ൫ु௤௞݂(ݖ)൯ᇱቃ > and  ℜ  ߚ ቂ൫ु௤௞݃(ݓ)൯ᇱቃ >  .ߚ
3 Hankel Inequalities for ࢌ ∈ ऐ઱ࣅ)࢑ࢗ,  (ࢼ

In this section, we will determine the functional หܽଶܽସ − ܽଷଶห for the functions ݂ ∈ ℱΣ୯௞(ߣ,  due to Altınkaya and Yalçın [19]. Now, we recall the following (ߚ
lemmas: 

Lemma 3.1. (See [4]) Let ࣪ be the well-known class of Carathéodory 
functions, that is ܿ(ݖ) ∈ ࣛ with the power series expansion  

(ݖ)ܿ  = 1 + ∑ ܿ௡ஶ௡ୀଵ ݖ)     ௡ݖ ∈ Δ)               (6) 

and ℜ(ܿ(ݖ)) > 0. Then  

 |ܿ௡| ≤ 2  (݊ = 1,2,3, . . . ) 

and is sharp for each ݊. Indeed,  

(ݖ)ܿ  = ଵା௭ଵି௭ = 1 + ∑ 2ஶ௡ୀଵ ݊∀)  ௡ݖ ≥ 1). 
Lemma 3.2. (See [20]) If ܿ ∈ ࣪, then  

 2ܿଶ = ܿଵଶ + 4)ݔ − ܿଵଶ), (7) 

 4ܿଷ = ܿଵଷ + 2(4 − ܿଵଶ)ܿଵݔ − ܿଵ(4 − ܿଵଶ)ݔଶ + 2(4 − ܿଵଶ)(1 −  (ݖଶ|ݔ|

for some complex numbers ݔ, |ݔ| with ݖ ≤ 1 and |ݖ| ≤ 1.  

Lemma 3.3. (See [5]) The power series for ܿ converges in Δ to a function in ࣪ 
if and only if the Toeplitz determinants  

௡ܶ = ተ 2 ܿଵ ܿଶ ⋯ ܿ௡ܿିଵ 2 ܿଵ ⋯ ܿ௡ିଵ⋮ ⋮ ⋮ ⋮ ⋮ܿି௡ ܿି௡ାଵ ܿି௡ାଶ ⋯ 2 ተ   (  ݊ = 1,2,3, … ) 

and ܿି఑ = ܿ఑ are all nonnegative. They are exactly positive except for  ܿ(ݖ) = ෍ ఑௠ߩ
఑ୀଵ ܿ଴(݁௜௧ഉ௭), ఑ߩ   >  ఑  realݐ  ,0

and ݐ఑ ≠ ߢ) ௝ݐ ≠ ݆). In this case ௡ܶ > 0 (݊ < ݉ − 1) and ௡ܶ = 0 (݊ ≥ ݉).  
Next, we designate the second Hankel coefficient estimates for ݂ ∈ ℱΣ௤௞(ߣ,   .(ߚ
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Theorem 3.4.  Let ݂ ∈ ℱΣ௤௞(ߣ, Then |ܽଶܽସ .(ߚ − ܽଷଶ|

≤
ەۖۖ
۔ۖۖۖ
ۖۖۖ
,(2)ܪۓ ,ߚ)ܣ ,ߣ ݇, (ݍ ≥ 0, ,ߚ)ܤ ,ߣ ݇, (ݍ ≥ 0

max ቊ 4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 , ቋ(2)ܪ , ,ߚ)ܣ ,ߣ ݇, (ݍ > 0, ,ߚ)ܤ ,ߣ ݇, (ݍ < 0
4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 , ,ߚ)ܣ ,ߣ ݇, (ݍ ≤ 0, ,ߚ)ܤ ,ߣ ݇, (ݍ ≤ 0

max {ܪ(ߝ଴), {(2)ܪ , ,ߚ)ܣ ,ߣ ݇, (ݍ < 0, ,ߚ)ܤ ,ߣ ݇, (ݍ > 0
, 

where  (2)ܪ = 16(1 − ସ(1(ߚ + ସ[2]௤ସ௞(ߣ + 4(1 − ଶ(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 , 
ܪ ቌߝ଴ = ඨ−ߚ)ܤ, ,ߣ ݇, ,ߚ)ܣ(ݍ ,ߣ ݇, (ݍ ቍ = 4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 − ,ߚ)ଶܤ ,ߣ ݇, ,ߚ)ܣ4(ݍ ,ߣ ݇,  ,(ݍ
,ߚ)ܣ ,ߣ ݇, (ݍ = (1 − ସ(1(ߚ + ସ[2]௤ସ௞(ߣ − (1 − ଷ4(1(ߚ + ଶ(1(ߣ +  ௤ଶ௞[3]௤௞[2](ߣ2
 − (1 − ଶ2(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 + (1 − ଶ4(1(ߚ +  ଶ[3]௤ଶ௞(ߣ2

,ߚ)ܤ ,ߣ ݇, (ݍ = (1 − ଷ(1(ߚ + ଶ(1(ߣ + ௤ଶ௞[3]௤௞[2](ߣ2 + 3(1 − ଶ(1(ߚ + 1)(ߣ +  ௤௞[4]௤௞[2](ߣ3
− 2(1 − ଶ(1(ߚ +  .ଶ[3]௤ଶ௞(ߣ2

Proof. Suppose that ݂ ∈ ℱΣ௤௞(ߚ, ,߶ There are two functions .(ߣ ߰ ∈ ࣪ 
satisfying the conditions of Lemma 3.1 such that  

 (1 − (ߣ ु೜ೖ௙(௭)௭ + ൯ᇱ(ݖ)൫ु௤௞݂ߣ = ߚ + (1 −  (8) ,(ݖ)߶(ߚ

 (1 − (ߣ ु೜ೖ௚(௪)௪ + ൯ᇱ(ݓ)൫ु௤௞݃ߣ = ߚ + (1 −  (9) ,(ݖ)߰(ߚ

where  

(ݖ)߶  = 1 + ܿଵݖ + ܿଶݖଶ + ܿଷݖଷ + ⋯, 
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(ݓ)߰  = 1 + ݀ଵݓ + ݀ଶݓଶ + ݀ଷݓଷ + ⋯. 
Now, by comparing the corresponding coefficients in Eq. (8) and Eq. (9), we 
get  

 (1 + ௤௞ܽଶ[2](ߣ = (1 −  ଵ, (10)ܿ(ߚ

 (1 + ௤௞ܽଷ[3](ߣ2 = (1 −  ଶ, (11)ܿ(ߚ

 (1 + ௤௞ܽସ[4](ߣ3 = (1 −  ଷ (12)ܿ(ߚ

and  

 −(1 + ௤௞ܽଶ[2](ߣ = (1 −  ଵ, (13)݀(ߚ

 (1 + ௤௞(2ܽଶଶ[3](ߣ2 − ܽଷ) = (1 −  ଶ, (14)݀(ߚ

 −(1 + ௤௞(5ܽଶଷ[4](ߣ3 − 5ܽଶܽଷ + ܽସ) = (1 −  ଷ. (15)݀(ߚ

From Eq. (10) and Eq. (13), we get  

 ܽଶ = ଵିఉ(ଵାఒ)[ଶ]೜ೖ ܿଵ = − ଵିఉ(ଵାఒ)[ଶ]೜ೖ ݀ଵ, (16) 

which implies  

 ܿଵ = −݀ଵ. 
Now from Eq. (11) and Eq. (14), we obtain  

 ܽଷ = (ଵିఉ)మ(ଵାఒ)మ [ଶ]೜మೖ  ܿଵଶ + (ଵିఉ)ଶ(ଵାଶఒ)[ଷ]೜ೖ (ܿଶ − ݀ଶ). 
On the other hand, subtracting Eq. (15) from Eq. (12) and using Eq. (16), we get  

 ܽସ = ହ(ଵିఉ)మସ(ଵାఒ)(ଵାଶఒ)[ଶ]೜ೖ[ଷ]೜ೖ ܿଵ(ܿଶ − ݀ଶ) + (ଵିఉ)ଶ(ଵାଷఒ)[ସ]೜ೖ (ܿଷ − ݀ଷ). 
Thus, we establish that 

 |ܽଶܽସ − ܽଷଶ| = ተ − (ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ ܿଵସ+ (ଵିఉ)యସ(ଵାఒ)మ(ଵାଶఒ)[ଶ]೜మೖ[ଷ]೜ೖ ܿଵଶ(ܿଶ − ݀ଶ) 

 + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ ܿଵ(ܿଷ − ݀ଷ) − (ଵିఉ)మସ(ଵାଶఒ)[ଷ]೜మೖ (ܿଶ − ݀ଶ)ଶฬ. (17) 

Now, by Lemma 3.2, we get  

 2ܿଶ = ܿଵଶ + 4)ݔ − ܿଵଶ) and 2݀ଶ = ݀ଵଶ + 4)ݕ − ݀ଵଶ),    (18) 

and hence, by Eq. (18), we have  
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 ܿଶ − ݀ଶ = ସି௖భమଶ ݔ) −  (19) .(ݕ

Further, we get  

 4ܿଷ = ܿଵଷ + 2(4 − ܿଵଶ)ܿଵݔ − ܿଵ(4 − ܿଵଶ)ݔଶ + 2(4 − ܿଵଶ)(1 −  ,ݖ(ଶ|ݔ|
 4݀ଷ = ݀ଵଷ + 2(4 − ݀ଵଶ)݀ଵݕ − ݀ଵ(4 − ݀ଵଶ)ݕଶ + 2(4 − ݀ଵଶ)(1 −  ݓ(ଶ|ݕ|

and thus, we acquire                   ܿଷ − ݀ଷ = ௖భయଶ + ௖భ൫ସି௖భమ൯ଶ ݔ) + (ݕ − ௖భ൫ସି௖భమ൯ସ ଶݔ) +  ଶ) (20)ݕ

+ 4 − ܿଵଶ2 [(1 − ݖ(ଶ|ݔ| − (1 −  .[ݓ(ଶ|ݕ|
Using Eq. (19) – Eq. (20) in Eq. (17), we get หܽଶܽସ − ܽଷଶห= ቤ −(1 − ସ(1(ߚ + ସ[2]௤ସ௞(ߣ ܿଵସ + (1 − ଶ4(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 ܿଵସ 

+ (ଵିఉ)యସ(ଵାఒ)మ(ଵାଶఒ)[ଶ]೜మೖ[ଷ]೜ೖ ௖భమ(ସି௖భమ)ଶ ݔ) −   (ݕ

 + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ ௖భమ൫ସି௖భమ൯ଶ ݔ) +  (ݕ

 − (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ ௖భమ൫ସି௖భమ൯ସ ଶݔ) +  (ଶݕ

 = + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ ௖భ൫ସି௖భమ൯ଶ [(1 − ݖ(ଶ|ݔ| − (1 −  [ݓ(ଶ|ݕ|
 − (ଵିఉ)మସ(ଵାଶఒ)మ[ଷ]೜మೖ (ସି௖భమ)మସ ݔ) −  .ଶฬ(ݕ
Since ܿ ∈ ࣪, we find that |ܿଵ| ≤ 2. Thus, letting |ܿଵ| = ߝ ∈ [0,2] and applying 
triangle inequality on Eq. (21), we get 

 หܽଶܽସ − ܽଷଶห ≤ (ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ ସߝ + (ଵିఉ)మସ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ  ସߝ

 + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ 4)ߝ −  (ଶߝ

 + ൬ (ଵିఉ)యସ(ଵାఒ)మ(ଵାଶఒ)[ଶ]೜మೖ[ଷ]೜ೖ + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ൰ ఌమ(ସିఌమ)ଶ |ݔ|) +  (|ݕ|

 + (ଵିఉ)మଶ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ ఌ(ఌିଶ)(ସିఌమ)ସ ଶ|ݔ|) +  (ଶ|ݕ|
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 − (ଵିఉ)మସ(ଵାଶఒ)మ[ଷ]೜మೖ (ସିఌమ)మସ |ݔ|) +  ଶ. (21)(|ݕ|

For ߜ = |ݔ| ≤ 1 and ߴ = |ݕ| ≤ 1, we get  

 |ܽଶܽସ − ܽଷଶ| ≤ ଵܥ + ߜ)ଶܥ + (ߴ + ଶߜ)ଷܥ +  ଶ) (22)ߴ

ߜ)ସܥ  + ଶ(ߴ = Ψ(ߜ,  ,(ߴ
where  ܥଵ = (ߝ)ଵܥ = (1 − ସ(1(ߚ + ସ[2]௤ସ௞(ߣ ସߝ + (1 − ଶ4(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 ସߝ

+ (1 − ଶ2(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 4)ߝ − ≤ (ଶߝ 0, 
ଶܥ = (ߝ)ଶܥ = ቆ (1 − ଷ4(1(ߚ + ଶ(1(ߣ + +௤ଶ௞[3]௤௞[2](ߣ2 (1 − ଶ2(1(ߚ + 1)(ߣ + ௤௞[4]௤௞ቇ[2](ߣ3 ଶ(4ߝ − ଶ)2ߝ ≥ 0, 
ଷܥ  = (ߝ)ଷܥ = (1 − ଶ2(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 ߝ)ߝ − 2)(4 − ଶ)4ߝ ≤ 0, 
ସܥ = (ߝ)ସܥ = (1 − ଶ4(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 (4 − ଶ)ଶ4ߝ ≥ 0. 

Next, we will find the maximum of (Ψ(ߜ, in Γ ((ߴ = ,ߜ)} :(ߴ 0 ≤ ߜ ≤ 1,0 ߴ≥ ≤ 1}. Since the coefficients of Ψ(ߜ,  we should ,ߝ have dependent variable (ߴ
maximize Ψ(ߜ, ߝ for the cases (ߴ = 0, ߝ = 2 and ߝ ∈ (0,2). 
1. Let ߝ = 0. Thus, from (22), we may write  

 Ψ(ߜ, (ߴ = (ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ ߜ) +  .ଶ(ߴ
2. We can find that the maximum of Ψ(ߜ, ߜ occurs at (ߴ = ߴ = 1 and we find  

 max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} = ସ(ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ. 
3. Let ߝ = 2. Thus, Ψ(ߜ,   is a constant function (ߴ

 Ψ(ߜ, (ߴ = ଵ଺(ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ + ସ(ଵିఉ)మ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ. 
4. Let ߝ ∈ (0,2). If we change ߜ + ߴ = .ߜ and ߞ ߴ = ,ߜ)then  Ψ ,ߟ (ߴ = (ߝ)ଵܥ + ߞ(ߝ)ଶܥ + (ߝ)ଷܥ] + ଶߞ[(ߝ)ସܥ − = ߟ(ߝ)ଷܥ2 ,ߞ)࣡ ,(ߟ  0 ≤ ߞ ≤ 2,0 ≤ ߟ ≤ 1. 
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Presently, we try to get maximum of ࣡(ߞ,  in (ߟ

 = ,ߞ)} :(ߟ 0 ≤ ߞ ≤ 2,0 ≤ ߟ ≤ 1}. 
From the definition of ࣡(ߞ, we get  ࣡఍ᇱ ,(ߟ ,ߞ) (ߟ = (ߝ)ଶܥ + (ߝ)ଷܥ]2 + ߞ[(ߝ)ସܥ = 0, ࣡఍ᇱ ,ߞ) (ߟ = (ߝ)ଷܥ2− = 0. 
We deduce that the function doesn’t have any critical point in . Thus, Ψ(ߜ,  (ߴ
doesn’t have any critical point in square Γ and so the function doesn’t get 
maximum value in Γ.  
Next, we inspect the maximum of Ψ(ߜ,   .on the boundary of Γ (ߴ
Firstly, let ߜ = 0,0 ≤ ߴ ≤ 1 (or let ߴ = 0,0 ≤ ߜ ≤ 1). Then, we may write  

 Ψ(0, (ߴ = (ߝ)ଵܥ + ߴ(ߝ)ଶܥ + (ߝ)ଷܥ] + ଶߴ[(ߝ)ସܥ = ߮ଵ(ߴ). 
Thus,  

 ߮ଵᇱ (ߴ) = (ߝ)ଶܥ + (ߝ)ଷܥ]2 +  .ߴ[(ߝ)ସܥ
Case (i): If ܥଷ(ߝ) + (ߝ)ସܥ ≥ 0, then ߮ଵᇱ (ߴ) > 0. The function is increasing and 
so the maximum occurs at ߴ = 1.  
 
Case (ii): Let ܥଷ(ߝ) + (ߝ)ସܥ < 0. Since ܥଶ(ߝ) + (ߝ)ଷܥ]2 + [(ߝ)ସܥ > (ߝ)ଶܥ ,0 + (ߝ)ଷܥ]2 + ߴ[(ߝ)ସܥ ≥ (ߝ)ଶܥ + (ߝ)ଷܥ]2 + ߴ holds  for all  [(ߝ)ସܥ ∈ [0,1]. So, ߮ଵᇱ (ߴ) > 0. Hence, ߮ଵ(ߴ) is an increasing function. Thus, the 
maximum occurs at ߴ = 1,  
 max { Ψ(0, :(ߴ 0 ≤ ߴ ≤ 1} = (ߝ)ଵܥ + (ߝ)ଶܥ + (ߝ)ଷܥ +  .(ߝ)ସܥ
Secondly, let ߜ = 1,0 ≤ ߴ ≤ 1 (similarly, ߴ = 1,0 ≤ ߜ ≤ 1). Then  Ψ(1, (ߴ = (ߝ)ଵܥ + (ߝ)ଶܥ + (ߝ)ଷܥ + (ߝ)ଶܥ]+ (ߝ)ସܥ + ߴ[(ߝ)ସܥ2 + (ߝ)ଷܥ] + = ଶߴ[(ߝ)ସܥ ߮ଶ(ߴ). 
It can be stated that ߮ଶ(ߴ) is an increasing function like case (i). In that way,  

 max { Ψ(1, :(ߴ 0 ≤ ߴ ≤ 1} = (ߝ)ଵܥ + (ߝ)ଶܥ]2 + [(ߝ)ଷܥ +  .(ߝ)ସܥ4
Also, for every ߝ ∈ (0,2), we can easily see that  ܥଵ(ߝ) + (ߝ)ଶܥ]2 + [(ߝ)ଷܥ + (ߝ)ସܥ4 > (ߝ)ଵܥ + (ߝ)ଶܥ + (ߝ)ଷܥ +  .(ߝ)ସܥ
Therefore, we find that  max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} = (ߝ)ଵܥ + (ߝ)ଶܥ]2 + [(ߝ)ଷܥ +  .(ߝ)ସܥ4
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Since ߮ଵ(1) ≤ ߮ଶ(1) for ߝ ∈ [0,2], max Ψ ,ߜ) (ߴ = Ψ(1,1) on the boundary of Γ. So, the maximum of Ψ occurs at ߜ = 1 and ߴ = 1 in the Γ. 
Let us define ℋ: (0,2) → ℝ as  

 ℋ(ߝ) = max Ψ ,ߜ) (ߴ = Ψ(1,1) 

 = (ߝ)ଶܥ]2 + [(ߝ)ଷܥ + (ߝ)ଵܥ +  (23) .(ߝ)ସܥ4

Therefore, from Eq. (23), we obtain  ℋ(ߝ) = 4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 + ,ߚ)ܣ ,ߣ ݇, ସߝ (ݍ + ,ߚ)ܤ 2 ,ߣ ݇,  ,ଶߝ (ݍ
where  ߚ)ܣ, ,ߣ ݇, (ݍ = (1 − ସ(1(ߚ + ସ[2]௤ସ௞(ߣ − (1 − ଷ4(1(ߚ + ଶ(1(ߣ +  ௤ଶ௞[3]௤௞[2](ߣ2

 − (1 − ଶ2(1(ߚ + 1)(ߣ + ௤௞[4]௤௞[2](ߣ3 + (1 − ଶ4(1(ߚ +  ଶ[3]௤ଶ௞(ߣ2

,ߚ)ܤ ,ߣ ݇, (ݍ = (1 − ଷ(1(ߚ + ଶ(1(ߣ + ௤ଶ௞[3]௤௞[2](ߣ2 + 3(1 − ଶ(1(ߚ + 1)(ߣ +  ௤௞[4]௤௞[2](ߣ3
− 2(1 − ଶ(1(ߚ +  .ଶ[3]௤ଶ௞(ߣ2

Now, we try to get the maximum value of ℋ(ߝ) in (0,2). After some basic 
calculations, we have  

 ℋᇱ(ߝ) = ,ߚ)ܣ4 ,ߣ ݇, ଷߝ(ݍ + ,ߚ)ܤ2 ,ߣ ݇,  .ߝ(ݍ
Next, we examine the different cases of ߚ)ܣ, ,ߣ ݇, ,ߚ)ܤ and (ݍ ,ߣ ݇,  as (ݍ
follows: 

Case 1: Let ߚ)ܣ, ,ߣ ݇, (ݍ ≥ 0 and ߚ)ܤ, ,ߣ ݇, (ݍ ≥ 0, then ℋᇱ(ߝ) ≥ 0. Hence, the 
maximum point has to be on the boundary of ߝ ∈ [0,2], that is ߝ = 2.  
Thus,  

 max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} 

 = ℋ(2) 

 = ଵ଺(ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ + ସ(ଵିఉ)మ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖ (24) 
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Case 2: If ߚ)ܣ, ,ߣ ݇, (ݍ > 0 and ߚ)ܤ, ,ߣ ݇, (ݍ < 0, ଴ߝ = ටି஻(ఉ,ఒ,௞,௤)ଶ஺(ఉ,ఒ,௞,௤) is a critical 

point of ℋ(ߝ). Since ℋᇱᇱ(ߝ଴) < 0, the maximum value of function ℋ(ߝ) 
occurs at ߝ = (଴ߝ)଴ and  ℋߝ = 4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 + ,ߚ)ܣ ,ߣ ݇, ଴ସߝ (ݍ + ,ߚ)ܤ 2 ,ߣ ݇,  ଴ଶߝ (ݍ

= 4(1 − ଶ(1(ߚ + ଶ[3]௤ଶ௞(ߣ2 − ,ߚ)ଶܤ3 ,ߣ ݇, ,ߚ)ܣ4(ݍ ,ߣ ݇, (ݍ . 
In this case, ℋ(ߝ଴) < ସ(ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ. Therefore,  

 max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} 

 = max ൜ ସ(ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ , ଵ଺(ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ + ସ(ଵିఉ)మ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖൠ. (25) 

Case 3: If ߚ)ܣ, ,ߣ ݇, (ݍ ≤ 0 and ߚ)ܤ, ,ߣ ݇, (ݍ ≤ 0, ℋ(ߝ) is decreasing in (0,2). 
Therefore,  

 max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} = ସ(ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ (26) 

Case 4: If ߚ)ܣ, ,ߣ ݇, (ݍ < 0 and ߚ)ܤ, ,ߣ ݇, (ݍ > 0,  .(ߝ)଴ is a critical point of ℋߝ
Since ℋᇱᇱ(ߝ଴) < 0, the maximum value of ℋ(ߝ) occurs at ߝ =   ଴ andߝ

 
ସ(ଵିఉ)మ(ଵାଶఒ)మ[ଷ]೜మೖ < ℋ(ߝ଴). 

Therefore,  

 max { Ψ(ߜ, :(ߴ 0 ≤ ߜ ≤ 1,0 ≤ ߴ ≤ 1} 

 = max ൜ℋ(ߝ଴), ଵ଺(ଵିఉ)ర(ଵାఒ)ర[ଶ]೜రೖ + ସ(ଵିఉ)మ(ଵାఒ)(ଵାଷఒ)[ଶ]೜ೖ[ସ]೜ೖൠ (27) 

Thus, from Eqs. (24-26) and Eq. (27), the proof is completed.  

Remark 3.5. For ߣ = 0 (and ߣ = 1) in Theorem 3.4, we can confirm the 
Hankel inequalities for the function classes ℛΣ௤௞(߶),  ℋΣ௤௞(߶), respectively.  
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