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The main purpose of this paper is to study generating functions of the g-Genocchi numbers and
polynomials. We prove a new relation for the generalized g-Genocchi numbers, which is related
to the g-Genocchi numbers and g-Bernoulli numbers. By applying Mellin transformation and
derivative operator to the generating functions, we define g-Genocchi zeta and I-functions, which
are interpolated g-Genocchi numbers and polynomials at negative integers. We also give some
applications of the generalized g-Genocchi numbers.
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1. Introduction definitions and notations

In [1], Jang et al. gave new formulae on Genocchi numbers. They defined poly-Genocchi
numbers to give the relation between Genocchi numbers, Euler numbers, and poly-Genocchi
numbers. In [2], Kim et al. constructed new generating functions of the g-analogue Eulerian
numbers and g-analogue Genocchi numbers. They gave relations between Bernoulli numbers,
Euler numbers, and Genocchi numbers. They also defined Genocchi zeta functions which
interpolate these numbers at negative integers. Kim [3] gave new concept of the g-extension
of Genocchi numbers and gave some relations between g-Genocchi polynomials and g-Euler
numbers. In this paper, by using generating function of this numbers, we study g-Genocchi
zeta and I-functions. In [4], Kim constructed g-Genocchi numbers and polynomials. By using
these numbers and polynomials, he proved the g-analogue of alternating sums of powers of
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consecutive integers due to Euler:
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k-1 B
[j : 4] (1) ] gD /2 = G = Gk () (1.1)
j=0 (I+g)n
(cf. [4]), whereif g€ C,|gq| <1
O R I T = 02)
Xl =|X: = : — .
q 1 - q ’ ]:q 1= q2 ,
and the numbers G, x 4 are called g-Genocchi numbers which are defined by
A+t 3 g [ 2] (1) exp (i), 21g“"2) = ZGW_. .

j=0

Note that lim, 1 [x] = x, (cf. [3, 5-9]). The Euler numbers E,, are usually defined by means of
the following generating function (cf. [10-16]):

ZEn — <o (1.4)

et+1

The Genocchi numbers G,, are usually defined by means of the following generating function
(cf. [12,13]):

[oe]

Z - ', |t] < .

n=0

et n 1 (1.5)

These numbers are classical and important in number theory. In [12], Kim defined generating
functions of the g-Genocchi numbers and g-Euler numbers as follows:

" <
(1+g)et/t- m (1.6)
! no(1+q"”>(1 q)" 1! mza "
where E,, ; denotes g-Euler numbers,
Gy(t) = (L+q)t >, (-1)"g"el"! = Zcmq (1.7)
m=0

where G, ; denotes g-Genocchi numbers. Genocchi zeta function is defined as follows (cf. [13,
page 108]): for s € C,

éa(s) (1.8)

0 _1n
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Kim [17] defined the ferminoic and deformic expression of p-adic g-Volkenborn integral
at g = -1 and q = 1. He constructed integral equation of the fermionic expression of p-adic
g-Volkenborn integral at g = —1. By using this integral equation, he defined new generating
functions of A-Euler numbers and polynomials. By using derivative operator to this functions,
he constructed new A-zeta, A-I-functions and p-adic A-I-functions, which are interpolated -
Euler numbers and polynomials. He also gave some applications which are the formulae
of the trigonometric functions by applying ferminoic and deformic expression of p-adic g-
Volkenborn integral at g = -1 and g = 1. Kim and Rim [18] defined two-variable L-function.
They gave main properties of this function. In [6], Kim constructed the two-variable p-adic
g-L-function which interpolates the generalized g-Bernoulli polynomials attached to Dirichlet
character. In [19], Simsek et al. constructed the two-variable Dirichlet g-L-function and the two-
variable multiple Dirichlet-type Changhee g-L-function. In [8, 20], Simsek defined generating
functions, which are interpolates twisted Bernoulli numbers and polynomials, twisted Euler
numbers and polynomials. He[21] also gave new generating functions which produce g-
Genocchi zeta functions and g-I-series with attached to Dirichlet character. Therefore, by using
these generating functions, he constructed new g-analogue of Hardy-Berndt sums. He gave
relations between these sums, g-Genocchi zeta functions and g-I-series as well,

x5 1

x
*+1

Lo(s)T(s) = f (19)

(cf. [21]), where I'(s) is Euler’s gamma function and {c(1 - n) = -G,/n, n > 1 (cf. [1], [13,
page 108, equation (2.43)]). The first author defined g-analogue of the Genocchi zeta functions
as follows [21].

Definition 1.1. Let s € C and Re(s) > 1. g-analogue of the Genocchi type zeta function is
expressed by the formula

T6,(5) = l+q)Z (__n)[ ]_)n (1.10)

Remark 1.2. If g—1, then (1.10) reduces to ordinary Genocchi zeta functions (see [13, page 108]).
Cenkci et al. [22], defined different type of g-Genocchi zeta functions, which are defined as
follows:

_ n+1
$(s) = q(1+q)Z( [)] . (1.11)

Simsek [21] defined g-analogue of the Hurwitz-type Genocchi zeta function by applying
the Mellin transformations as follows:

Jq(s,x) = %f:}tﬂ (Z (-1)"g e~ +x)t>dt. (1.12)
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Definition 1.3 (see [21]). Let s € C, Re(s) > 1, and 0 < x < 1. g-analogue of the Hurwitz-type
Genocchi zeta function is expressed by the formula

JG,4(s,x) = [2]T34(s, x). (1.13)

Observe that when x = 1, the Jg,(s,x) is reduced to Jg,4(s) and if g—1, then
JG,4(s,x)—Jc(s,x). A function Jg(s,x) is called an ordinary Hurwitz-type Genocchi zeta
function if Jg(s, x) is expressed by the formula

Tl

J(s,x) := ZZ (1.14)

(n + x)
where s € C,Re(s) >1,and 0 < x < 1, cf. [13].

In [21], Simsek defined g-analogue (Genocchi-type) one- and two-variable I-functions as
follows, respectively; let y be a Dirichlet character; let s € C and Re(s) > 1;

1 o] o0 o
l64(s, x) = (FZS;’) 0 t“(Z_; (=1)"x(m)q e W)dt, (115)
Iq(s, %, x) = (1r(+s§’) o (i (=1)"x(m)q e @I )dt (1.16)
n=0

A function I (s, x) is called an ordinary Genocchi-type I-function if I (s, y) is expressed by the
formula

D" DX
I(s, 1.17
(5,%) = Z i (117)
where s € C,Re(s) >1and 0 < x <1, cf. [13].
Observe that when y =1, (1.15) reduces to (1.10):

l4(s,1) = T4(s). (1.18)

We summarize our work as follows. In Section 2, we study generating functions of
the g-Genocchi numbers and polynomials. By using infinite and finite series, we give some
definitions of the g-Genocchi numbers and polynomials. We find new relations between
generalized g-Genocchi numbers with attached to y, g-Genocchi numbers and Barnes’ type
Changhee g-Bernoulli numbers. In Section 3, by applying Mellin transformation and derivative
operator to the generating functions of the g-Genocchi numbers, we construct g-Genocchi
zeta and I-functions, which are interpolated g-Genocchi numbers and polynomials at negative
integers. We also give some new relations related to these numbers and polynomials.

2. g-Genocchi number and polynomials

In this section, we give some new relations and identities related to g-Genocchi numbers and
polynomials. Firstly we give some generating functions of the g-Genocchi numbers, which
were defined by Kim [3, 10, 11]:

1 It 2
Fy(t) = e/~ ‘1)Z ; ;‘2 (q:) ;—]!= (1+q)l§(—q)’e[’1f, (2.1)
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and let
. [o'e) (o) tn
Fi(t) = (1 +q) 123‘ (-q)'el = z(]) Gng-y (22)

(cf.[3, 10, 11, 23]), where G, 4 denotes g-Genocchi numbers.

We note that g-Genocchi numbers, G,, 4, were defined by Kim [3, 10, 11].

By using the above generating functions, g-Genocchi polynomials, G, 4(x), are defined
by means of the following generating function:

F(t,x) = Fi(te'™ = i Gnq(x)ﬂ (2.3)
n=0

Our generating function of G, 4(x) is similar to that of [3, 12, 21, 23]. By using Cauchy product
in (2.3), we easily obtain

o n ) oL gy w n xn—k
— _ n
2 Oual0) = 2y Gnag 2451 = 24 24 Sk @

Then by comparing coefficients of " on both sides of the above equation, for n > 2, we
obtain the following result.

Theorem 2.1. Let n be an integer with n > 2. Then one has
— [N\ .
Gq(x) = D] <k> x"KGpq- (2.5)
k=0

By using the same method in [3, 12, 21] in (2.3), we have

[ n ) e} k
Z Gn,q(x)% — (1 + Cl)tz (_1)11 n [n]t+xt (1 + q)tz Z + X) t ) (26)
n=0 ' n=0

n=0
and after some elementary calculations, we have
0 c tk . e 1k tk .
% k(%) 77 = ;} (1+q)Z( D" q"([n] + x) =k (2.7)

By comparing coefficients of t*/k! on both sides of the above equation, we arrive at the
following corollary.

Corollary 2.2. Let k € N. Then one has

)

o k-1 ] : 1)t gd(n+1) yk—j-1
Grg(x) =k(g+1) >, Z(k 1) <Zi>( ) (167 q)].x : (2.8)
= o -

n=0 j

1l
o
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We give some of g-Genocchi polynomials as follows: G 4(x) =0, G14(x) =1,Gz4(x) = 2x -2/ (1 +
2
q),....

From the generating function Fj(t), we have the following.
Corollary 2.3. Let k € N. Then one has

et k=) 5 GHED

. (2.9)
(1- q)k = 1+ gt

Giqg=k(1+9) >, (-1)"q"]
n=0

Proof of the Corollary 2.3 was given by Kim [3, 12]. We give some of g-Genocchi numbers
as follows: Gog =0, G140 =1, Gy =29/ (1 +4%),....

Observe that if g—1, then G,; = -1.

By using derivative operator to (2.6), we have

tn-+—l

d & t"
%Z(:)Gn,q(X)n <(1+q)tZ( 1)" n (11]+x > ZGnq .'X') (210)
After some elementary calculations, we arrive at the following corollary.
Corollary 2.4. Let n be a positive integer. Then one has
d
EGW(x) = nGy-1,4(x). (2.11)

Corollary 2.5. Let n be a positive integer. Then one has

Gyn(x+y) = i < >qu x)y"k (2.12)

k=0
Proof. Proof of this corollary is easily obtained from (2.4). O

Generalized g-Genocchi numbers are defined by means of the following generating
function (this generating function is similar to that of [3, 12, 21-24]):

Fox(t) = (1+q)th(n)q -1" ZGW — (2.13)

n=0

where y denotes the Dirichlet character with conductor d € Z*, the set of positive integers.
Observe that when y =1, (2.13) reduces to (2.3).
By (2.13), we have

m

=(1 +q)i i X' (- 2, [n]mtm+l (2.14)
n=0 m=0 :

Z Gqu

m=0



Yilmaz Simsek et al. 7

After some elementary calculations and by comparing coefficients " on both sides of the above
equation, we get

Gmyq=(1L+q)m > (-1)"q"x(n)[n]". (2.15)
n=0

By setting n = a+dj, where (j =0,1,2,...,00;a=1,2,...,d),and y(a+jd) = y(a), in the above
equation, we obtain

w d
Gumyg=L+m > 3 (-1)™q*y(a + jd)[a+ jd]™"
]:O azt (2.16)
=(1+qmY, > (-1 <m 1> " y(a)[al [ (D) g, 1"
a=1 i=0 =0

n [15], Srivastava et al. defined the following generalized Barnes-type Changhee g-
Bernoulli numbers.

Let y be the Dirichlet character with conductor d. Then the generalized Barnes-type
Changhee g-Bernoulli numbers with attached to y are defined as follows:

(oo} [ee) nx, (ZU])tn
Fpp(t|w1) = it 3 y(m)gomelomt = " ﬁan—'

n=0 n=0

, <2 (2.17)

(cf. [15]). Substituting y =1 and w; = 1 into the above equation, we have

[e'e] [e'e] " tn
Foi(t|1) =t > ge =" ﬂ'—". (2.18)
n=0

~ nl
By using derivative operator to the above, we obtain

dm

S Far I Dlico = Prg =—m 3 q"[n]"". (2.19)
n=0

By substituting (2.9) and (2.19) into (2.16), after some calculations, we arrive at the
following theorem.

Theorem 2.6. Let x be the Dirichlet character with conductor d. If d is odd, then one has

d m-1
=2 < >( 1)%q* Dy (a)[a]'[d]" " Gm-i(q?), (2.20)
a=1 i=0
if d is even, then one has
d m-1
Gm'x(q) - Z < > (- 1)a+1 l g I)X(a)[ ] [ m - 1ﬁm i,qd7s (2.21)
a=1 i=0

where Py, 4 is defined in (2.19).
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Remark 2.7. In Theorem 2.6, we give new relations between generalized g-Genocchi numbers,
Gm,(q) with attached to x, g-Genocchi numbers, G;,(q), and Barnes-type Changhee g-
Bernoulli numbers. For detailed information about generalized Barnes-type Changhee g-
Bernoulli numbers with attached to y see [15].

Generalized Genocchi polynomials are defined by means of the following generating
function:

Fy(t,x) = Fg,( (H)e™ = ZGnM(x) (2.22)
n=0

Theorem 2.8. Let x be the Dirichlet character with conductor d. Then one has

[e'e} n o
Gn,x,q(x) = Z <k> Gn,x,qx k- (223)

n=0

Remark 2.9. Generating functions of G, 4(x) and G,y 4(x) are different from those of [3, 12, 22,
23]. Kim defined generating function of G, 4(x), as follows [12]:

< m _|m+x < tm
Fy(t,x) = (L+q)t Y. g™ (-1)"el™ = ) Gn,q(x)m (2.24)
m=0 m=0 :
In [21], Simsek defined generating function of G, 4(x) by
F,(t,x) = Z (-1)"g " exp(=(g7"[n] + x)t). (2.25)

3. g-Genocchi zeta and [-functions

In recent years, many mathematicians and physicians have investigated zeta functions,
multiple zeta functions, I-series, g-Genocchi zeta, and I-functions, and g-Bernoulli, Euler, and
Genocchi numbers and polynomials mainly because of their interest and importance. These
functions and numbers are not only used in complex analysis, but also used in p-adic analysis
and other areas. In particular, multiple zeta functions occur within the context of Knot theory,
quantum field theory, applied analysis and number theory, (cf. [15]). In this section, we
define g-Genocchi zeta and I-functions, which are interpolated g-Genocchi polynomials and
generalized g-Genocchi numbers at negative integers. By applying the Mellin transformation
to (2.3), we obtain

_1)n+1q
+x)°

1 oos_z - __(1+q) OOs—l < 1\ - ([n]+x)t 34 <
mj;t Fy( t,x)dt—wot > (D)"ge dt_(1+an=0

n=0

(3.1)

whereRes >1,0<x<1,and |g| < 1.
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Thus, Hurwitz-type g-Genocchi zeta function is defined by the following definition.
Definition 3.1. Let s € C with Res > 1 and let g € C with |g| < 1. Then one defines

1

8Gq(s,x) = (1+4) Z - )+ (3.2)

x)*

Observe that when x = 1in (3.2), then we obtain Riemann-type g-Genocchi zeta function:

_1)n+1

loq(s) = (1+9) i T (3:3)

n=

Hurwitz-type g-Genocchi zeta function interpolates g-Genocchi polynomials at negative
integers. For s = 1 — k, k € Z*, and by applying Cauchy residue theorem to (3.1), we can
obtain the following theorem.

Theorem 3.2. For s =1 -k, k > 0, then one has

Gk,q(x)

gG,q(l - k/x) = - K

(3.4)

Remark 3.3. The second proof of Theorem 3.2 can be obtained by using (d*/dt*)|,—o derivative
operator to (2.3) as follows:

_F* t, 1+ ¢ - [n +x)t> ,
GEhien| =+ dtk( > .
(3.5)
~Gq(x) el n
—" (1+q>2< 1™ g([n] +x)*
Thus we obtained the desired result.
By applying Mellin transformation to (2.13), we obtain
1 (* 2 (1) y(n)g"
1, (s, :—f £72F, (—H)dt = (1+ —_— 3.6
26(8,X) ), gx(—t) ( q)nzzl ] (3.6)

Thus we can define Dirichlet-type g-Genocchi I-function as follows.

Definition 3.4. Let y be the Dirichlet character with conductor d. Let s € C with Res > 1. One
defines

[¢'e) _1 n+l n
lc(s,x) = (1+q) >, %. (3.7)
n=1

Relation between [, (s, x) and {,c(s, x) is given by the following theorem.
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Theorem 3.5. Let x be the Dirichlet character with conductor d. Then one has

+g) &, g~°la]
1y (50 = o a2 K@D (s ). (38)
Proof. By setting n = a + dk, where (k=0,1,2,...,00;a=1,2,3,...,d) in (3.7), we obtain,
d o a+kd a+kd+1
x(a+kd)g™ "™ (-1)
1 ,v) = (1
q,G(S X) ( +q)aZ=0 “ [a+kd]s
d o a+kd a+kd+1
(a+kd) (-1)
1+ > 4 1 (3.9)
=& (la] +qod][k : g9])°
(1+g < x(a)q“(1 S)( 1) i (1+gq%)g (1)
(1+qd) a=0 = (k: g% +q[a]/[d])’
After some elementary calculations, we arrive at the desired result of the theorem. O

The function I, (s, ) interpolates generalized g-Genocchi numbers, which are given by
the following theorem.

Theorem 3.6. Let n € Z*. Let x be the Dirichlet character with conductor d. Then one has

Gn

lhc(1-n,x) = —+(q). (3.10)
Proof. Proof of this theorem is similar to that of Theorem 3.2. So we omit the proof. O
We give some applications. Setting s = 1 - n,n € Z* and using Theorem 3.2 in

Theorem 3.5, we get
(1+qd]"” o (q—“[a] )

lgc(1-m, —_— 1)° Gy e . 3.11

q,G( n X) (1 + qd) ; ( ) X( )q q [d] ( )

By comparing both sides of the above equation and Theorem 3.6, we obtain distributions
relation of the generalized Genocchi numbers as follows.

Corollary 3.7. Let x be the Dirichlet character with conductor d. Then one has

A+ & . g[a]
Gua) = 1y gy~ 20 D (@ G <W> (3.12)

wheren > 0, and G,, 4(q~*[a]/[d]) is the g-Genocchi polynomial.
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By substituting (2.5) into (3.12), we have the following corollary.

Corollary 3.8. Let x be the Dirichlet character with conductor d. Then one has

(+ @l & “Laly™
Gny(q) = 1+ d) ;( 1)*x(a)gq” Z < ) < [d] > Gy g o)
_ (1+g ¢ ONAANZHLIA |
" T & @l <k>< ) e

If we substitute (2.7) into (3.12), we get a new relation for the distribution relation of
g-Genocchi numbers:

mnwwl e g [a]\""
s Zu>amzlw< [ﬂ>

a=1

Gny(q) =

d n-1 o d n-1 -a m
_ 1’1(1('{ Z)q[d) Z Z ( 1)u+]+1x(a)qa+ < > (q [d[]a] > []-]n—l—m (314)

=0 a=1 =0
_ Tl(l + q) [d]n_l & Ll _1\at+j+l n-1 a+j q—a[a] " .qn-m—1
g 22 n ) x@a (T ur

Thus we arrive at the following corollary.

Corollary 3.9. Let x be the Dirichlet character with conductor d. Then one has

— n(1+q)[d]n_1 &S a+j+ n-1 a+j q_a[a] " sn—m-—
%m#—H:W—ZZZFD”<m>ﬂm1<m)b]1-@@
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