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Abstract

We develop techniques first studied by Morgan Ward to characterize
sequences which arise from elliptic curves and which contain a zero
term. We first define elliptic divisibility sequences over finite fields by
noting that they are not the sequences which arise by reduction from
integer sequences. After that, we give general terms of these sequences
over the finite fields F, (p > 3 is a prime) and then we determine elliptic
curves and singular curves associated with them.
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1. Introduction

A divisibility sequence is a sequence (hn) (n € N) of positive integers with the prop-
erty that hm|hn if m|n. The oldest example of a divisibility sequence is the Fibonacci
sequence. There are also divisibility sequences satisfying a nonlinear recurrence relation.
These are the elliptic divisibility sequences and this recurrence relation comes from the
recursion formula for elliptic division polynomials associated with an elliptic curve.

An elliptic divisibility sequence (or EDS) is a sequence of integers (h,) satisfying a
non-linear recurrence relation

(11) hm«knhmfn = hm«klhmflhi - hn+1hn71h$n

and with the divisibility property that h,, divides h,, whenever m divides n for all
m>n > 1.
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EDSs are a generalization of a class of integer divisibility sequences called Lucas
sequences [10]. EDSs were of interest because they were the first non-linear divisibility
sequences to be studied. Morgan Ward wrote several papers detailing the arithmetic
theory of EDSs, [11, 12]. For the arithmetic properties of EDSs, see also [2, 3, 4, 5, 9].
Shipsey and Swart, [5, 9], were interested in the properties of EDSs reduced modulo
primes. Shipsey [5] used EDSs to study some applications to cryptography and the elliptic
curve discrete logarithm problem (ECDLP). The Chudnovsky brothers considered prime
values of EDSs in [1]. EDSs are connected to the heights of rational points on elliptic
curves and the elliptic Lehmer problem.

2. Some preliminaries on elliptic divisibility sequences and ellip-
tic curves

There are two useful formulas (known as duplication formulas) used to calculate the
terms of an EDS. The duplication formulas are obtained by setting first m =r+1, n =1r
and thenm=r+1,n=r—1in (1L.1):

(21)  hop1 = hegoh) — he1hiyy,
(2.2) horha = hr(hr-+2h271 - hrfzhzﬂ)

for all » € N.

A solution of (1.1) is proper if ho = 0, h1 = 1, and hahs # 0. Such a proper solution
will be an EDS if and only if ho, hs and hy are integers with ha|hs. The sequence (hy)
with initial values h1 = 1, ho, hs and ha, is denoted by [1 he hs ha]. The discriminant of
an elliptic divisibility sequence (hy) is defined by the formula:

A(ha, by, hy) = hah3® —h3h3>+3h3h3° —20hah3hi+3hih3+16hS ha+8hih3ha+hj.
An elliptic divisibility sequence (hy) is said to be singular if and only if its discriminant
A(hz, hs, ha) vanishes.

In this work we discuss the behavior of some special EDSs over a finite field F,, where
p > 3 is a prime, and also the elliptic curves associated with (h,). To classify EDSs
modulo p we need to know the rank of an EDS.

An integer m is said to be a divisor of the sequence (h,) if it divides some term with
positive suffix. Let m be a divisor of (hy). If p is an integer such that m |h, and there
is no integer j such that j is a divisor of p with m|h;, then p is said to be the rank of
apparition of m in (hy). In the following theorem Ward said that the multiples of p are
regularly spaced in (hy).

2.1. Theorem. [12] Let p be a prime divisor of an elliptic divisibility sequence (hy), and
let p be its smallest rank of apparition. Let hpy1 2 0 (p), then

hn =0 (p) if and only if n =10 (p).

A sequence (sn) of rational integers is said to be numerically periodic modulo m if
there exists a positive integer 7 such that

(2.3)  Sngr =sn (M)

for all sufficiently large n. If (2.3) holds for all n, then (s,) is said to be purely periodic
modulo m. The smallest such integer 7 for which (2.3) is true is called the period of (sy)
modulo m. All other periods are multiples of it.

The following theorem of Ward shows us how the period and rank are connected.
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2.2. Theorem. [12] Let (hy) be an EDS and p an odd prime whose rank of apparition p
is greater than 3. Let a1 be an integral solution of the congruence a1 = h}:: (p) and let
e and k be the exponents of a1 and az = hp—1 (p). Then (hy) is purely periodic modulo
p, and its period 7 is given by the formula w(hy,) = Tp, where T = 2%[e, k|. Here [e, k]|
is the least common multiple of e and k, and the exponent a is determined as follows:

+1  if e and k are both odd
if e and k are both even and both divisible

“=3y" by exactly the same power of 2

0 otherwise.

We will now give a short account of material about elliptic curves. More details of the
theory of elliptic curves can be found in [6, 8]. Consider an elliptic curve defined over
the rational numbers determined by a short Weierstrass equation 32 = z® +axz + b with
coefficients a,b € Q and discriminant A = — 16(4a® + 275?).

Ward proved that EDSs arise as values of the division polynomials of an elliptic
curve. We will write ¢, (P) for 1, evaluated at the point P = (x1,y1). The following
theorem shows us the relations between EDSs and the elliptic curves (for further details
see [5, 7,9, 12]).

2.3. Theorem. [7] Let (hyn) be an elliptic divisibility sequence [1 hy hs cha]. Then there
exists an elliptic curve E : y*> = 23 4+ ax + b where a,b € Q, and a non singular rational
point P = (x1,y1) on E such that ¥n(x1,y1) = hn for all n € Z where 1y, is the n-th
polynomial of E. These quantities are given by

24) a=3 (—h3® — 4ch3? + (16R5 — 6¢*)h3 + (8ch3 — 4c3)hs
‘ - —(16h§ +8c*h3 +c*) )
h3* + 6¢h3® — (24h3 — 15¢%)h3® — (60chi — 20¢)h3?
(25)  b=23" +(120R§ — 36¢2h3 + 15¢*)h3 + (—48ch§ + 12¢3h3)h3 7

+(64h3 + 48¢%Rh§ + 12¢h3 + ¢°)
(2.6) P = (z1,y1) = (3(h3 + 2chs + 4hj + ¢°), —108h3h3) ,
and
A = 2832 h3h5 (chy? + (—hj + 3¢°)hS + (—20chj + 3¢®)ha + (16hS + 82 hi + ¢*)).

By Theorem 2.3, we can say that the EDS [1 ha hs chs] is associated with the elliptic
curve E : y? = ® + ax + b and the rational point P € E. Note that if E is a singular
curve, then possibly P is a singular point. In this case we move P to any non singular
point P’ on E.

In the following theorem, Ward showed that the discriminant of an elliptic divisibility
sequence is equal to the discriminant of the elliptic curve associated with this sequence.

2.4. Theorem. [12] Let (hyn) be an elliptic divisibility sequence in which hahs # 0, and
let E be an elliptic curve associated with (hy). Then the discriminant of (hy) is equal to
discriminant of the elliptic curve E.

3. Elliptic divisibility sequences in certain ranks

In this section we work with elliptic divisibility sequences in certain ranks over F,,
where p > 3 is a prime, and we discuss some properties of these sequences. Firstly, we
define elliptic sequences and then elliptic divisibility sequences over F),.
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3.1. Definition. An elliptic sequence over I, is a sequence of elements of [F), satisfying
the formula

hm+nhm7n = hm+1hm71hi - h7l+1hn*1hi’b .

If (hn) is an elliptic sequence over I, then (hy) is an elliptic divisibility sequence over
F, since any non-zero element of ), divides any other. Therefore, in this paper, the term
elliptic sequence over F;, will mean an elliptic divisibility sequence over F,. Of course,
the concept of the rank of an elliptic divisibility sequence over F,, is the same as that for
an elliptic divisibility sequence defined above.

Note that, as for integral sequences, elliptic divisibility sequences satisfy the further
conditions that ho = 0, h1 = 1, that two consecutive terms of (h,) cannot vanish over
F, and if some term is zero, then multiples of this term are zero too, that is; if ho = 0
then hy = 0 and so hon, = 0 for all n € N. This relation is shown below:

3.2. Lemma. Let (hn) be an elliptic divisibility sequence with rank p over Fp. Then
hon =0 (p).

Proof. Let (hn) be an elliptic divisibility sequence over F,. If (hy,) has rank p then
hon =0 (p) since h, divides h,n as p divides pn. O

Now we consider the EDSs with rank two. We know that if ho = 0 then we must have
han = 0 for all integers n # 0. Thus every term of the sequence with even subscript is
zero. Ward proved that such a sequence is given by the following formula for all odd n:

(h) = (~)LEng
where |z] denotes the greatest integer in .

3.1. Sequences with rank three. Now consider the EDSs with rank three. We know
that if hs = 0 then we must have h3, = 0 for all integers n # 0.

3.3. Theorem. Let (hn) be an elliptic divisibility sequence [1 hz 0 h4], (h2,hs € F}).
Then (hy) is given by the following formula:

k(h+1)  (k+2a—2)(k+2a—3)
(31)  hn=hgkra=chy > hy 2 )

+1 if n=1,2,4,5 (12)
where € =
-1 if n=7,8,10,11 (12).

Proof. 1t is clear that the result is true for n = 4. Hence we assume that n > 4. If (hy,) is
an EDS, then we know that

Bniohn—2 = hni1hn_1h3 — hahih? .

It suffices to prove our main result by induction based on equation (3.1). Now first
suppose that n +1 = 4 (12) and let the equation (3.1) be true for n 4+ 1. Then since
n+1=4(12), we haven+1=3(4r+1)+1, (r € N) and so n+2 = 3(4r +1) + 2. Thus
we find that hp42 = hir2+6r+1hgrz+mr+3. On the other hand we see that

i1 = hir'2+6r+1h§r'2+2r
hn =0

2 2
hnfl — th +2rh§r +6r+4+1

87‘2+27‘ 8r2—2r
B = WS T2 RS =27,
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Substituting these expressions into (3.1) gives hpt2 = hir2+6r+1hgrz+mr+3. Thus we
proved this theorem for n + 1 = 4 (12). Other cases can be proved by induction in the
same way. g

We know that if (h,) is a proper EDS, then hs | ha, so we may write ha = che where
c € F;. Thus we can give a new formula for the general terms of EDSs with rank three
and parameter c.

3.4. Theorem. Let (hn) be an elliptic divisibility sequence [1 ha 0 ha], (ha = chs and
c€Fy). Then (hn) is given by the following formula:

k(k+1) 2
hpn = hagqra =€c 2 h;kJra D

+1 if n=1,2,4,5 (12)
where € =
-1 if n=7,8,10,11 (12).

Proof. The theorem can be proved by induction in the same way as Theorem 3.1. O

3.2. Sequences with rank four. Now let (h,) be an elliptic divisibility sequence with
rank four, namely consider the sequences whose fourth term is zero. We know that if
ha = 0, then han, = 0 for all integers n # 0. Firstly we give the general term of (h,) with
rank four in the following theorem:

3.5. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hz 0] and (hz, hs € Fy).
Then (hy) is given by the following formula:

(3.2)  hn = hapya = € RORIF Tkt

whms:{ﬂ if n=1,23(8) s

1 if 2
; ,a:§a—%a+1andﬁ: ¥ 2]n
-1 ifn=5,6,7(8)

0 if 2 fn.’
Proof. 1f (hy) is an EDS, we know that
Pntohn—2 = hnithn_1hs — hshih? .
Then it suffices to prove our main result by induction based on equation (3.2). It is clear
that the result is true for n = 5. Hence we assume that n > 5.
Now first suppose that n+1 = 2 (8) and let the equation (3.2) be true for n+1. We wish

2
to show that this equation is also true for n 4+ 2. We want to see that hp42 = hg’ +6r+1

is true, where n4+2 = 4-2r 43, r € N. On the other hand we know from the assumption
that hn_o = —hgrzfzr and similarly h, = hgrz + 2 Substituting these relations into
equation (3.2) gives
2 _ o 2
hn+2(—h§T 27) — —hzlgﬁr + 4r+1

and so we obtain that hp42 = hgr2+6r+1. Thus we proved this theorem for n+1 = 2 (8).
Other cases of the theorem can be proved by induction in the same way. g

Now we give the period of (hy,) with rank four in the following theorem:

3.6. Theorem. Let (hn) be an elliptic divisibility sequence [1 ha hs 0], (h2,hs € F})
and q the order of hs. Then the period of (hy) is

_ {4(1? —1) if hs is a primitive root in Fy,
w(hn) =

8r otherwise
{ if q is odd
where r =

if q is even.

Nk R
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Proof. 1t is clear that the rank of (hy) is 4 since hy = 0, that is p = 4. Since a1 = hh—22 =
P

ha — 1 and a2 = h, —1 = hs, by Theorem 2.2 we see that the orders of a; and a2 are
o P
e=1and k = p—1if hg is a primitive root in Fp, and k = ¢ otherwise. Thus [e, k] = k.
If hs is a primitive root in Fp, then o = 0 and in this case 7 = 2%[e, k] = p — 1. Then
w(hn) = 4(p — 1), since p = 4.

If hs is not a primitive root in F, then the order of hs is ¢. So in this case a = 0 or
1, then 7 = ¢ or 2q. Hence m(hy) = 4q or 8¢ since p = 4. d

3.3. Sequences with rank five. Now let (hy) be an elliptic divisibility sequence with
rank five. We know that if hs = 0, then we must have hs, = 0 for all integers n # 0.
The general term of (hy) is determined in the following theorem:

3.7. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hs ha], (h2, ks, ha € F}),
and having rank five. Then (hy) is given by the following formula:

2 2
(3‘3) [ — hgk +2ak+ah;(5k +2ak+ﬁ)7

1 3 =1,2,3,4 (10
where € = + an 7 ( ), :%a2—%a+1(mdﬂ:a2—4a+3.
~1 if n=6,7,8,9 (10)

3
Proof. Since (hy) is an EDS with rank five and hs = hah3 — h3, we have hy = (%) .
2
It is clear that the result is true for n = 6. Hence we assume that n > 6. If (hy) is an
EDS, we know that

hnv2hn—2 = hnsihnahi —hahihy, .
It suffices to prove our main result by induction based on equation (3.3). Now first
suppose that n +1 = 2 (10), and let the equation (3.3) be true for n + 1. We want
2
to see that h,io = h§0T2+12T+1 h;(zor +121) is true, where n +2 = 5-2r +3, 7 € N.

2 4
On the other hand we know from the assumption that h, = h§07'2+47“ h;(mr 1) and

— 7‘27 ' . . . . .
hn—2 = —hg‘"z*‘“ hy (20r—4r) Substituting these expressions into the equation (3.3),

we have

24 o 2 A 2
P2 <_h§07«2—4r h;(207 4r)> = _hy <h§Or2+4r hy (207 +4r)>

2
and so hnt2 = h§0T2+12T'+1 h;(20r +12)  Thus we have proved this theorem for n + 1
2(10). Other cases can be proved by induction in the same way.

o

Now we give the period of (hy,) with rank five in the following theorem:

3.8. Theorem. Let (hn) be an elliptic divisibility sequence [1 ha hz ha)], (he,hs € F})
with rank five and q the order of Z—z Then the period of (hx) is

() = Sp—1) if Z—i zs a primitive root in Fy
10r otherwise
{q if q is odd
where r = . )
1 if q is even.
. . ha ha
Proof. We know that the rank of (h,) is p = 5. Since a1 = W =0 and a2 = hp—1 =
p—2 3

3
ha = (%) , by Theorem 2.2, let e and k£ be the orders of a1 and a2 respectively. If Z—g
2
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is a primitive root in Fp, thene =p—1, k = % when 3 divides p — 1, and e = p — 1,

h . .
k = p— 1 when 3 does not divide p — 1. If h_2 is not a primitive root in [F),, then e = g,
3

k = % when 3 divides ¢, and e = ¢, k = ¢ when 3 does not divide ¢. If % is a primitive
3

root in IFp,, then oo = —1, since p—1 and % are divisible by the same power of two, and
. -1 5
in this case 7 = 2%e, k] = pT Then 7(hn) = 5(p — 1).
If 22 is not a primitive root in Fp, then o = 1 when ¢ is odd, and o = —1 when ¢
h3 p

is even; and 7 = 2¢ and %, respectively. Then 7w(h,) = 10q if ¢ is odd and %q if ¢ is
even. g

3.4. Sequences with rank six. Now let (hy,) be an elliptic divisibility sequence with
rank six. We know that if hg = 0 then we must have hg, = 0 for all integers n # 0. We
determine the general term of (h,) in the following theorem:

3.9. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hs ha], (h2, hs, ha =
cha € Fy), and with rank sixz. Then (hy) is given by the following formula:

(34)  hn = heepa =chs hj PRkt

+1 if n=1,2,3,4,5 (12)
where € = : and
-1 ifn=7,8,9,10,11 (12)

{1 if 2| n {1 if 3| n {0 if a<3
a= A B = A Y= .
0 if 2¢n, 0 if31n, a—3 if a> 3.

2
Proof. Since (hy) is an EDS with rank six and hg = %(hg.hg —h3) we have hs = (% .
2 2

It is clear that the result is true for n = 7. Hence we assume that n > 7. If (hy) is an
EDS we know that
hnt2hn—2 = hyy1hn_1h3 — hahihy,

Then we prove our main result by induction based on equation (3.4). Now first suppose
that » + 1 = 2 (12) and let the equation (3.4) be true for n + 1. We want to see that
hnt2 = hs 2l e g true, where n +2 = 6-2r + 3, r € N. On the other hand we
know from the assumption that h, = 012"2+2T and hp_2 = —012’"2*2". Substituting these
expressions into (3.4) we have

2 2 2
Bnio (_Cmr 27‘) = _hy (Cl2r +27‘> 7

and so hp42 = hs 012"2+6T. Thus we have proved this theorem for n 4+ 1 = 2(10). Other
cases can be proved by induction in the same way. g

Now we give the period of (hy) in the following theorem:

3.10. Theorem. Let (hy) be an elliptic divisibility sequence [1 hy hs ha], (h2, hs € F})
with rank six and q the order of Z—j. Then the period of (hxr) is

() 6(p—1) if Z—Z is a primitive root in Ty
w(hn) =
' 12r otherwise

q if qis odd
where r = )
2 if q is even.
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Proof. We know that the rank of (hy) is p = 6. Let e and k be the orders of a1 = h =

h ha\’ o

h—2 and a2 = h,—1 = hs = (h—4> , respectively, where a; and a2 are as in Theorem 2.2.
4 2

If Z—z is a primitive root in F;,, then e = p —1 and k = prl. In this case a« = 0 and

T =p—1, so that w(hn) = 6(p — 1).

If h—2 is not a primitive root in [Fp,, then there are two cases. In the first case, let ¢

4

be even. Then e = ¢ and k = ¢, so that @« = 1 and 7 = ¢q. Hence 7(h,) = 6¢q. In the
second case, let ¢ be odd. Then e = ¢ and k = £, so that @ = 0 and 7 = 2¢. Hence
w(hn) = 12q. O

4. Elliptic divisibility sequences in certain ranks and the
associated curves

In this section we determine the curves associated with (hy) for ranks two, three, four,
five and six.

First we find the associated curves for a (h,) with rank two. Note that all elliptic
divisibility sequences with rank two are singular since their discriminant is zero and so
they are associated with a singular curve.

4.1. Theorem. Let (hy) be a singular elliptic divisibility sequence [1 0 hs cha = 0],
(c € Fp and hz € Fy). Then (hy) is associated with a singular curve given by the
equation

(4.1)  E:y® =2 —27(4h3 + )’z + 54(4h3 + )2,
and if P = (x1,y1) is a non-singular point on E then P = (3(h} + ¢?), 0).
Proof. Putting he = 0 in the equations (2.4), (2.5), (2.6), we have
a = —27(16h5 + 8¢°hj + ¢*) = —27(4h3 + *)?,
b = 54(64h3 + 48¢° RS + 12¢*hj + ¢°) = 54(4h3 + ¢°)®
and P = (3(4h3 + %), 0). 0

These singular curves have singular point as a cusp or a node. Now we determine

when these curves have cusps, namely when they have the form y? = z3.

4.2. Theorem. Let (hy) be an elliptic divisibility sequence [1 0 hs 0], (hs € F}). Then
hs€Qp if p=1(4)
hs € Qp if p=3(4),

(
hs #Qp if p=1(4
hs€Q, if p=3(4

(hn) is associated with a singular curve with a cusp <= {

)
)

)

(hn) is associated with a singular curve with a node <= {

where QQp denotes the set of quadratic residues in F.

Proof. The theorem can be proved by putting hj = —% in (4.1). In this case the point
P is a singular point on E. g

The elliptic divisibility sequence [1 0 hs hy = cha = 0], (¢ € F, and hs € Fy), is an
improper EDS. So, when we determine the fourth term hs = ch2, we choose all elements
of F), for the number c. Therefore, such sequences can be associated with more than one
curve. For example, in Fs, the sequence [1 0 1 0] is associated with the singular curves
Y2 =a+3zx+1forc=0; y? =2 for c=1,4; and y?> = 2% + 2z + 3 for ¢ = 2, 3.
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Now we find the curves associated with (h,) having rank three. Note that all elliptic
divisibility sequences with rank three are singular since their discriminant is zero and so
they are associated with a singular curve.

4.3. Theorem. Let (hyn) be a singular elliptic divisibility sequence [1 hz 0 ch2] and
(¢, ha € Fp). Then (hn) is associated with the singular curve E given by the equation

(4.2)  E:y® =z —27(h3 + ¢) 'z + 54(h3 + ¢)°,
and if P = (x1,71) 45 a non-singular point on E then P = (3(h4 + ¢)?,0).
Proof. The theorem can be proved in the same way as Theorem 4.1. g

Now we see that when these singular EDSs are associated with the curve y* = z®.

4.4. Theorem. Let (hyn) be a singular elliptic divisibility sequence [1 ha 0 chsa], (¢, hs €
F,). Then (hy) is associated with the singular curve E : y? =z if and only if ha = —h3.

Proof. The theorem can be proved by putting h3 = —c in (4.2). In this case the point P
is a singular point on E. O

Now we will find elliptic curves associated with (h,) having rank four.

4.5. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hz 0], (h2, hs € F}).
Then (hy) is associated with an elliptic curve E given by the equation:

E:y? = 2® +27(—h3® + 16¢ch3hs — 16hS)x +54(h3" — 24h3ha% + 120R3h5 +64h3),
and if P = (x1,31) is a point on E then P = (3(h§ + 4h3), —108h3h3).
Proof. Since hy = 0 and since hahs # 0 we obtain ¢ = 0. Putting ¢ = 0 in (2.4), (2.5),
(2.6), we find that
(4.3)  a=27(—h3’ + 16ch3hs — 16h3),
(4.4)  b=54(h3* — 24h3h3°% + 120hShS + 64h3),
(4.5) P = (3(h3 + 4h3), —108h3h3).

Now we determine which of these curves are singular curves.

4.6. Theorem. Let (hyn) be an elliptic divisibility sequence [1 ho hs 0], (he € F}) and
8

h3 = 1—; Then (hrn) is associated with the singular curve E given by the equation E :

y? =% — %h%Gm — %h%‘l and if P = (x1,y1) is a non singular point on E then P =
(15h§ _27h§2)

T 1

8
Proof. Since E is a singular curve if and only if (h,) is a singular sequence, and hj = %7
putting this equation in (4.3), (4.4) and (4.5) we have desired result. a

Note that in this case we have no singular curve of the form y> = z® since ha # 0.

Now we find elliptic curves associated with (h,) having rank five.

4.7. Theorem. Let (hy) be an elliptic divisibility sequence [1 ho h3 ha], (h2, hs ha € F})
and let hs = 0. Then (hy) is associated with the elliptic curve E given by the equation:

E: =2+ 27(—h%6 + 12hr3%c — 14h8 % — 12h3° — 04)1:
+ 54(h3* — 18h3%c 4 75h3°® + T5h5c* + 18h3c® + ¢°),
and if P = (x1,y1) is a point on E then P = (3(h§ + 4h3), —108h3h3).

(4.6)
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Proof. Since hs = 0 we obtain h3 = hic. Putting h3 = hic in (2.4), (2.5) and (2.6) we
find the desired results. O

We will see when singular curves arise:

4.8. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hs chs), (¢, h2, hs € F}
where p > 5), and having rank five. Then there exists a singular curve E associated to
(hn) if and only if p = 1,9 (10).

Proof. Since (hy) is an EDS of rank five and hs = hah3 — h3 = 0 we have hy = chy =
3
(%) . If the elliptic divisibility sequence [1 h2 hs chs] is associated with a singular

2
curve FE then we know that this sequence is singular. That is,

4,6 h3 | h3’ 16 12 8 2
A = —h2h3 + 11—4 + 12 = —h2 + 11h2 c+ th =0.
hy ~ hy
So, we have —h§ 4+ 11h3c + ¢ = 0. If we substitute h3 =t in (4.6), then we have
11+

t1,2 = h% = %ﬂc.
Thus (hy) is associated with a singular curve if and only if 5 is a quadratic residue in Fp.
But, 5 is a quadratic residue in Fp, if and only if p = 1,9 (10). d

Now we will find singular curves associated with (hy).

4.9. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hs chs), (¢, h2, hs € F},

where p > 5), having rank five and satisfying h3 = %c, where 5 is a quadratic residue

in Fp. Then (hyn) is associated with the singular curve E given by the equation

16605 + 74255 ) 4

(47) E:y’=2"- ( 5 'z — (411750 + 184140v/5)c°,

and if P = (z1,y1) is a non-singular point on E then

P=(2z1,11) = ((w) e, (—6642i2970\/3)c3) .

Proof. The theorem can be proved by substituting hs =

%c in (4.6). O

Now we will see that all EDSs are associated with the singular curve y*> = z® when
p=>5.

4.10. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha hs chz], (¢, ha, hs €

F%), and having rank five in Fs. Then (hy) is associated to the singular curve E : y* = 2®.

Proof. Considering the equation (4.7) in F5 gives the desired result. g
Now we find elliptic curves associated with (h,) having rank six:

4.11. Theorem. Let (hy,) be an elliptic divisibility sequence [1 ha hs ha], (h2, hs, ha €
F,), and let h¢ = 0. Then (hn) is associated with an elliptic curve E given by the
equation:

E: =2+ 27(—h%6 + 12h3%c — 30K5 % + 12h3c° — 904)1:
+ 54(h3* — 18h3%c 4+ 99h3°c® — 180h3%c® + 135h5¢* + 54hac® — 27¢°)
and if P = (x1,71) is a point on E then P = (3(h§ + 6¢h3 — 3c®), —108(ch5 — ch3)).

(4.8)
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Proof. Since he = 0 we obtain h3 = chj — c?. Putting h = ch3 — ¢ in (2.4), (2.5) and
(2.6) we find the desired results. O

Now we see when associated singular curves arise:

4.12. Theorem. Let (hy) be an elliptic divisibility sequence [1 ha h3 hal, (h2, hs € F})
having rank siz. Then there exists a singular curve E associated to (hn) if and only if

B3
h4 :Chz = ?2

Proof. Since (hy) is an EDS with rank six and he = %;i(hshz — h2) = 0 we have hs =

B\ 2

(h—4) and h3 = chi — 2. If the elliptic divisibility sequence [1 ha hs chso] is associated
2

with the singular curve F then we know that this sequence is singular. That is,

A = h3bec— hi?h3 + 3h32c* — 20h5¢° + 16h5hs + 8hsc®hi + hact = 0.
If we substitute h3 = ch3 — ¢? in this equation we have 9¢ = hi. O
Now we find the singular curves associated with (h,).

4.13. Theorem. Let (hn) be an elliptic divisibility sequence [1 ha hz cha], (¢, ha, hs €

F}), having rank siz and let hy = che = %3. Then (hyn) is associated with the singular

curve E given by the equation E : y? = &3 — 3888¢*x — 93312¢5, and if P = (z1,91) is a
non-singular point on E then P = (396¢%, —7776¢%).

Proof. The theorem can be proved by substituting h5 = 9¢ in (4.8). g
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